
Xvlqj wkh Odsodfh wudqvirup iru g|qdplf srolf| dqdo|vlv

Ehq M1 KhlmgudW

Qryhpehu 4<<<

Devwudfw

Wkh sxusrvh ri wklv qrwh lv wr ghprqvwudwh wkh xvhixoqhvv ri wkh Odsodfh wudqvirup
phwkrgv xvhg e| hqjlqhhuv1 Dprqj rwkhu wklqjv zh vkrz krz wr shuirup frpsdudwlyh
g|qdplfv lq vlpsoh orz0glphqvlrqdo vdggoh0srlqw vwdeoh prghov/ krz wr hydoxdwh zhoiduh
h�hfwv/ dqg krz wr ghdo zlwk }hur0urrwv dqg wkh uhvxowlqj k|vwhuhvlv1

Yhuvlrq 41331 Grzqordgdeoh iurp

kwws=22zzz1hfr1uxj1qo2phghzhun2khlmgud2grzqordg1kwp

4 Lqwurgxfwlrq

Wkh pdlq sxusrvh ri wklv qrwh lv wr ghprqvwudwh krz xvhixo Odsodfh wudqvirup whfkqltxhv fdq

eh wr +pdfur, hfrqrplvwv1 Zklovw wkh whfkqltxh lv qrw pxfk pruh gl!fxow wkdq wkh phwkrg ri

frpsdudwlyh vwdwlfv�wkdw prvw vwxghqwv duh idploldu zlwk�lw hqdeohv rqh wr wkrurxjko| vwxg|

+wkh surshuwlhv ri, orz0glphqvlrqdo4 g|qdplf prghov lq dq dqdo|wlfdo idvklrq1 Lq wklv qrwh

zh zloo irfxv rq pdfurhfrqrplf dssolfdwlrqv exw wkh xvhixoqhvv ri wkh Odsodfh wudqvirup

phwkrgv h{whqgv wr rwkhu �hogv1

Wkh rxwolqh ri wklv qrwh lv dv iroorzv1 Lq vhfwlrq 5 zh lqwurgxfh wkh Odsodfh wudqvirup1

Zh jlyh wkh gh�qlwlrqv/ vwxg| wkh pdlq surshuwlhv/ vkrz vrph riwhq0xvhg wudqvirupv/ dqg

jlyh vrph vlpsoh h{dpsohv1 Lq vhfwlrq 6 zh surylgh dq h{whqghg h{dpsoh ri wd{ srolf|

dqdo|vlv lq dq ryhuodsslqj0jhqhudwlrqv prgho1 Lq vhfwlrq 7 zh vkrz krz wkh Odsodfh wudqvirup

phwkrgv fdq eh xvhg wr hydoxdwh wkh zhoiduh h�hfwv ri srolf| phdvxuhv1 Wkh phwkrg doorzv

wkh uhvhdufkhu wr h{solflwo| wdnh lqwr dffrxqw wkh wudqvlwlrqdo g|qdplfv wkdw uhvxowv iurp

srolf| vkrfnv1 Lq vhfwlrq 8 zh vkrz krz wkh Odsodfh wudqvirup phwkrg lv d qdwxudo wrro
WGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:53:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1 Xvhixo frpphqwv zhuh

uhfhlyhg iurp Ohrq Ehwwhqgrui1
4Zlwk �orz glphqvlrqdo� zh phdq wkdw wkh fkdudfwhulvwlf sro|qrpldo ri wkh Mdfreldq pdwul{ ri wkh v|vwhp

pxvw eh ri rughu irxu ru ohvv1 Iru vxfk sro|qrpldov forvhg0irup vroxwlrqv iru wkh urrwv duh dydlodeoh1 Iru

kljkhu0rughu sro|qrpldov Deho*v Wkhruhp suryhv wkdw �qlwh dojheudlf irupxodh gr qrw h{lvw iru wkh urrwv1 Vhh

wkh dpxvlqj klvwrulfdo ryhuylhz ri wklv lvvxh lq Wxuqexoo +4<;;/ ss1 44708,1
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zlwk zklfk wr vwxg| k|vwhuhwlf prghov/ l1h1 prghov frqwdlqlqj d fkdudfwhulvwlf urrwv htxdo wr

}hur1 Lq vhfwlrq 9 zh vkrz eulh | krz wkh vr0fdoohg ]0wudqvirup/ zklfk lv forvho| uhodwhg wr

wkh Odsodfh wudqvirup/ fdq eh xvhg wr vwxg| glvfuhwh0wlph prghov1 Ilqdoo|/ lq vhfwlrq : zh

frqfoxgh1

5 Wkh Odsodfh wudqvirup

Wkh Odsodfh wudqvirup lv d wrro xvhg h{whqvlyho| lq hqjlqhhulqj frqwh{wv dqg wkh ehvw dydlodeoh

vrxufh +wkdw L nqrz, lv dq hqjlqhhulqj pdwkhpdwlfv wh{werrn e| Nuh|v}lj +4<;;,1 Wkh Odsodfh

wudqvirup lv h{wuhpho| xvhixo iru vroylqj +v|vwhpv ri, gl�huhqwldo htxdwlrqv1 Lqwxlwlyho|/ wkh

phwkrg zrunv lq wkuhh vwhsv= +l, wkh gl!fxow sureohp lv wudqviruphg lqwr d vlpsoh sureohp/

+ll, zh xvh +pdwul{, dojheud wr vroyh wkh vlpsoh sureohp/ dqg +lll, zh wudqvirup edfn wkh

vroxwlrq rewdlqhg lq vwhs +ll, wr rewdlq wkh xowlpdwh vroxwlrq ri rxu kdug sureohp1 Lqvwhdg

ri kdylqj wr zrun zlwk gl!fxow rshudwlrqv lq fdofxoxv +lq vwhs +l,, zh zrun zlwk dojheudlf

rshudwlrqv rq wudqvirupv1 Wklv lv zk| wkh Odsodfh wudqvirup whfkqltxh lv fdoohg rshudwlrqdo

fdofxoxv1

Wkh pdmru dgydqwdjh ri wkh Odsodfh wudqvirup whfkqltxh olhv lq wkh hdvh zlwk zklfk wlph0

ydu|lqj vkrfnv fdq eh vwxglhg1 Lq hfrqrplf whupv wklv pdnhv lw yhu| hdv| wr lghqwli| wkh

sursdjdwlrq phfkdqlvp wkdw lv frqwdlqhg lq wkh hfrqrplf prgho1 Dv zh vkdoo ghprqvwudwh

ehorz wklv lv lpsruwdqw/ iru h{dpsoh/ lq prghov lq wkh uhdo exvlqhvv f|foh +UEF, wudglwlrq1

Vxssrvh wkdw i+w, lv d ixqfwlrq gh�qhg iru w � 31 Wkhq zh fdq gh�qh wkh Odsodfh wudqvirup

ri wkdw ixqfwlrq dv iroorzv=5

Oii> vj �
] "

f
h3r|i+w,gw= +4,

Lq hfrqrplf whupv Oii> vj lv wkh glvfrxqwhg suhvhqw ydoxh ri wkh ixqfwlrq i+w,/ iurp suhvhqw

wr wkh lqgh�qlwh ixwxuh/ xvlqj v dv wkh glvfrxqw udwh1 Fohduo|/ surylghg wkh lqwhjudo rq wkh

uljkw0kdqg vlgh ri +4, h{lvwv/ Oii> vj lv zhoo0gh�qhg dqg fdq eh vhhq dv d ixqfwlrq ri v1

H{dpsoh 4 Vxssrvh wkdw i+w, @ 4 iru w � 31 Zkdw lv Oii> vjB Zh xvh wkh gh�qlwlrq lq +4,

wr jhw=

Oii> vj @ Oi4> vj @

] "

f
4� h3r|gw @ � 4

v
h3r|

����"
f

@
4

v
>

iru v A 31 Zh kdyh irxqg rxu �uvw Odsodfh wudqvirup/ l1h1 Oi4> vj @ 4@v1

Ghvslwh wkh hdvh zlwk zklfk lw zdv ghulyhg/ wkh wudqvirup ri xqlw|/ Oi4> vj/ lv dq h{wuhpho|
xvhixo rqh wr uhphpehu1 Ohw xv qrz wu| wr �qg d pruh fkdoohqjlqj rqh1

5Vrph dxwkruv suhihu wr xvh wkh qrwdwlrq 8 Er� iru wkh Odsodfh wudqvirup ri sE|�1 \hw rwkhuv xvh qrwdwlrq

vlplodu wr rxuv exw vxssuhvv wkh r dujxphqw dqg zulwh nts� iru wkh Odsodfh wudqvirup ri sE|�1 Zh dgrsw rxu

hoderudwh qrwdwlrq vlqfh zh vkdoo qhhg wr hydoxdwh wkh wudqvirupv iru sduwlfxodu ydoxhv ri r ehorz1
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i+w, Oii> vj ydolg iru=

4 �
r v A 3

w �
r2 v A 3

|?3�

E?3��-
�
r? > q @ 4> 5> ===> v A 3

h@| �
r3@ > v A d

wh@| �
Er3@�2

> v A d
|?3�e@|

E?3��-
�

Er3@�? > q @ 4> 5> ===> v A d
e@|3eK|

@3K
�

Er3@�Er3K� v A d> v A e> d 9@ e
@e@|3KeK|

@3K
�

Er3@�Er3K� v A d> v A e> d 9@ e

X+w� d, �
+

3 iru 3 � w ? d

4 iru w A d
e3@r

r

Wdeoh 4= Frpprqo| xvhg Odsodfh wudqvirupv

H{dpsoh 5 Vxssrvh wkdw i+w, @ h@| iru w � 31 Zkdw lv Oii> vjB Zh rqfh djdlq xvh wkh

gh�qlwlrq lq +4, dqg jhw=

Oii> vj @ Oih@|> vj @

] "

f
h@|h3r|gw @

] "

f
h3Er3@�|gw @ � 4

v� d
h3Er3@�|

����"
f

@
4

v� d
>

surylghg v A d +rwkhuzlvh wkh lqwhjudo grhv qrw h{lvw dqg wkh Odsodfh wudqvirup lv qrw gh�qhg,1

Vr qrz zh kdyh irxqg rxu vhfrqg Odsodfh wudqvirup dqg lq idfw zh douhdg| srvvhvv wkh wzr

wudqvirupv xvhg prvw riwhq lq hfrqrplf frqwh{wv1 Ri frxuvh wkhuh duh yhu| pdq| ixqfwlrqv

iru zklfk wkh vloo| zrun kdv ehhq grqh douhdg| e| rwkhuv dqg wkh Odsodfh wudqvirupv duh

nqrzq1 Lq Wdeoh 4 zh vkrz d olvw ri frpprqo| xvhg wudqvirupv1 Vxfk d wdeoh lv fhuwdlqo|

txlwh ydoxdeoh exw hyhq pruh xvhixo duh wkh jhqhudo surshuwlhv ri wkh Odsodfh wudqvirup zklfk

doorz xv wr zrun zlwk wkhvh wudqvirupv lq dq dojheudlf idvklrq1 Ohw xv orrn dw vrph ri wkh

pdlq surshuwlhv1

Surshuw| 4 Olqhdulw|1 Wkh Odsodfh wudqvirup lv d olqhdu rshudwru1 Khqfh/ li wkh Odsodfh

wudqvirupv ri i+w, dqg j+w, erwk h{lvw wkhq zh kdyh iru dq| frqvwdqwv d dqg e wkdw=

Oidi . ej> vj @ dOii> vj. eOij> vj= +S4,

Wkh surri lv wrr reylrxv wr zruu| derxw1

Wkh xvhixoqhvv ri +S4, lv hdvlo| ghprqvwudwhg= lw doorzv xv wr ghgxfh pruh frpsoh{ wudqv0

irupv iurp vlpsoh wudqvirupv1 Vxssrvh wkdw zh duh jlyhq d Odsodfh wudqvirup dqg zdqw wr

�jxuh rxw wkh ixqfwlrq lq wkh wlph grpdlq zklfk lv dvvrfldwhg zlwk lw1

H{dpsoh 6 Vxssrvh wkdw Oii> vj @ �
Er3@�Er3K� / d 9@ e1 Zkdw lv i+w,B Zh xvh wkh phwkrg ri

sduwldo iudfwlrqv wr vsolw xs wkh Odsodfh wudqvirup=

4

+v� d,+v� e,
@

4

d� e

�
4

v� d
� 4

v� e

�
= +d,
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Qrz zh dsso| +S4, wr htxdwlrq +d,�zklfk lv lq d irupdw zh nqrz�dqg ghulyh=

Oii> vj @
4

d� e

�
4

v� d
� 4

v� e

�
@

4

d� e

k
Oih@|> vj � OihK|> vj

l
> +e,

zkhuh zh kdyh xvhg Wdeoh 4 wr jhw wr wkh �qdo h{suhvvlrq1 Exw +e, fdq qrz eh lqyhuwhg wr jhw

rxu dqvzhu=

i+w, @
h@| � hK|

d� e
= +f,

Wklv hqwu| lv dovr irxqg lq Wdeoh 41

Exw zh kdyh qrz shuiruphg dq rshudwlrq +lqyhuwlqj d Odsodfh wudqvirup, iru zklfk zh

kdyh qrw |hw hvwdeolvkhg wkh irupdo ydolglw|1 Fohduo|/ jrlqj iurp +f, wr +e, lv ydolg exw lv lw

dovr doorzhg wr jr iurp +e, wr +f,/ l1h1 lv wkh Odsodfh wudqvirup xqltxhB Wkh dqvzhu lv �qr�

lq jhqhudo exw �|hv� iru doo fdvhv ri lqwhuhvw1 Nuh|v}lj +4<;;/ s1 57:, vwdwhv wkh iroorzlqj

vx!flhqw frqglwlrq iru h{lvwhqfh1

Surshuw| 5 H{lvwhqfh1 Ohw i+w, eh d ixqfwlrq wkdw lv slhfhzlvh frqwlqxrxv rq hyhu| �qlwh

lqwhuydo lq wkh udqjh w � 3 dqg vdwlv�hv=

mi+w,m � Ph�|>

iru doo w � 3 dqg iru vrph frqvwdqwv � dqg P 1 Wkhq wkh Odsodfh wudqvirup h{lvwv iru doo

v A �1

Zlwk �slhfhzlvh frqwlqxrxv� zh phdq wkdw/ rq d �qlwh lqwhuydo d � w � e/ i+w, lv gh�qhg rq

wkdw lqwhuydo dqg lv vxfk wkdw wkh lqwhuydo fdq eh vxeglylghg lqwr �qlwho| pdq| vxe0lqwhuydov

lq hdfk ri zklfk i+w, lv frqwlqxrxv dqg kdv �qlwh olplwv +Nuh|v}lj/ 4<;;/ s1 579,1 Iljxuh

4 jlyhv dq h{dpsoh ri d slhfhzlvh frqwlqxrxv ixqfwlrq1 Wkh uhtxluhphqw phqwlrqhg lq wkh

surshuw| vwdwhphqw lv wkdw i+w, lv ri h{srqhqwldo rughu � dv w $ 41 Ixqfwlrqv ri h{srqhqwldo

rughu fdqqrw jurz lq devroxwh ydoxh pruh udslgo| wkdq Ph�| dv w jhwv odujh1 Exw vlqfh P

dqg � fdq eh dv odujh dv ghvluhg wkh uhtxluhphqw lv qrw pxfk ri d uhvwulfwlrq +Vslhjho/ 4<98/

s1 5,1

H{dpsoh 7 i+w, @ w2 lv ri h{srqhqwldo rughu 6 +iru h{dpsoh, vlqfh
��w2�� @ w2 ? h�| iru doo

w � 31 Dq h{dpsoh ri d ixqfwlrq wkdw lv qrw ri h{srqhqwldo rughu lv i+w, @ h|
�

1 Wklv lv ehfdxvh���h3�|h|���� @ h|E|
23�� fdq ehfrph xqerxqghg�dqg wkxv odujhu wkdq dq| frqvwdqw P�e| lqfuhdvlqj

w1

Duphg zlwk wkhvh uhvxowv zh ghulyh wkh qh{w surshuwlhv1 Wkh �uvw rqh vd|v wkdw glvfrxqwlqj

yhu| khdylo| zloo zlsh rxw wkh lqwhjudo +dqg wkxv wkh Odsodfh wudqvirup, ri dq| ixqfwlrq ri

h{srqhqwldo rughu1 Wkh vhfrqg rqh vhwwohv wkh xqltxhqhvv lvvxh1

7



I�W�

WD E

Iljxuh 4= Slhfhzlvh frqwlqxrxv ixqfwlrq

Surshuw| 6 Li Oii> vj lv wkh Odsodfh wudqvirup ri i+w,1 Wkhq=

olp
r<"

Oii> vj @ 3 +S6,

Surshuw| 7 Xqltxh lqyhuvlrq ^Ohufk*v wkhruhp`1 Li zh uhvwulfw rxuvhoyhv wr ixqfwlrqv i+w,

zklfk duh slhfhzlvh frqwlqxrxv lq hyhu| �qlwh lqwhuydo 3 � w � Q dqg ri h{srqhqwldo rughu

iru w A Q / wkhq wkh lqyhuvh Odsodfh wudqvirup ri Oii> vj/ ghqrwhg e| O3� iOii> vjj @ i+w,/

lv xqltxh1

Ohw xv qrz sxvk rq dqg vwxg| vrph pruh surshuwlhv wkdw zloo suryh xvhixo odwhu rq1

Surshuw| 8 Wudqvirup ri d ghulydwlyh1 Li i+w, lv frqwlqxrxv iru 3 � w � Q dqg ri h{srqhqwldo

rughu � iru w A Q dqg i �+w, lv slhfhzlvh frqwlqxrxv iru 3 � w � Q wkhq=

Oii �> vj @ vOii> vj � i+3,> +S8,

iru v A �1

Surri= Qrwh wkdw zh vwdwh dqg suryh wkh surshuw| iru wkh vlpsoh fdvh zlwk i+w, frqwlqxrxv

iru w � 31 Wkhq zh kdyh e| gh�qlwlrq=6

Oii �> vj @

] "

f
h3r|i �+w,gw

@ h3r|i+w,
��"
f

. v

] "

f
h3r|i+w,gw

@ olp
|<"

h3r|i+w,� i+3, . vOii> vj=
6Zh xvh lqwhjudwlrq e| sduwv/ l1h1

U
�_� ' �� 3 U

�_�/ dqg vhw � ' e3r| dqg � ' sE|�1
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Exw iru v A � wkh glvfrxqwlqj e| v grplqdwhv wkh h{srqhqwldo rughu ri i+w, vr wkdw olp|<" h3r|i+w, @

3 dqg wkh uhvxow iroorzv1 �
Vlqfh wklv zdv vr pxfk ixq/ zh fdq xvh +S8, uhshdwhgo|1 Zh rewdlq=

Oii ��> vj @ vOii �> vj � i �+3,

@ v ^vOii> vj � i+3,`� i �+3,=

Vlploduo|/ zh fdq ghgxfh=

Oii ���> vj @ v�Oii> vj � v2i+3,� vi �+3,� i ��+3,=

Lw grhv qrw wdnh d jhqlxv wr ghgxfh wkh iroorzlqj surshuw| e| lqgxfwlrq1

Surshuw| 9 Wudqvirup ri wkh q0wk ghulydwlyh1 Li i+w,/ i �+w,/ 111/ i E?3��+w, duh frqwlqxrxv

iru 3 � w � Q dqg ri h{srqhqwldo rughu � iru w A Q dqg i?+w, lv slhfhzlvh frqwlqxrxv iru

3 � w � Q wkhq=

Oii E?�> vj @ v?Oii> vj � v?3�i+3,� v?32i �+3,� ===� vi E?32�+3,� i E?3��+3,> +S9,

iru v A �1

Zh fdq qrz looxvwudwh wkh xvhixoqhvv ri wkh surshuwlhv ghgxfhg vr idu dqg lqwurgxfh wkh

wkuhh0vwhs surfhgxuh phqwlrqhg deryh e| phdqv ri wkh iroorzlqj surwrw|slfdo h{dpsoh1

514 Fdvh vwxg| 4= Plfnh| Prxvh fdvh

Vxssrvh zh kdyh wkh iroorzlqj gl�huhqwldo htxdwlrq=

�|+w, . 7 b|+w, . 6|+w, @ 3> +5,

zklfk pxvw eh vroyhg vxemhfw wr wkh lqlwldo frqglwlrqv=

|+3, @ 6> b|+3, @ 4> +6,

zkhuh zh kdyh vzlwfkhg wr wkh frqyhqwlrqdo hfrqrplfv qrwdwlrq iru g|qdplfdo yduldeohv/ l1h1

b|+w, � g|+w,@gw @ |�+w, dqg �|+w, � g2|+w,@gw2 @ |��+w,17 Khuh jrhv wkh wkuhh0vwhs surfhgxuh=

Vwhs 4= Vhw xs wkh vxevlgldu| htxdwlrq1 E| wdnlqj wkh Odsodfh wudqvirup ri +5, dqg

qrwlqj +S9, zh jhw=

Oi�|> vj. 7Oi b|> vj. 6Oi|> vj @ 3 /�
v2Oi|> vj � v|+3,� b|+3,

�
. 7 ^vOi|> vj � |+3,` . 6Oi|> vj @ 3 /�

v2 . 7v. 6
�Oi|> vj @ +v. 7,|+3, . b|+3,= +7,

7Zh frxog kdyh vwduwhg zlwk wkh Qhzwrqldq cgrw* qrwdwlrq iurp wkh vwduw exw zrxog kdyh uxq lqwr qrwdwlrqdo

wurxeoh zlwk +S9,1 Krz pdq| grwv fdq rqh �w rq wrs ri dq lwdolf sB Qrw pdq|$
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E| vxevwlwxwlqj +6, lq +7, zh rewdlq wkh vxevlgldu| htxdwlrq ri wkh gl�huhqwldo htxdwlrq lq0

foxglqj lwv lqlwldo frqglwlrqv1�
v2 . 7v. 6

�Oi|> vj @ 6v. 46= +8,

Vwhs 5= Vroyh wkh vxevlgldu| htxdwlrq1 Zh qrz gr wkh hdv| vwx� ri dojheudlfdoo| pd0

qlsxodwlqj wkh h{suhvvlrq +8, lq v0vsdfh1 Zh qrwlfh wkdw wkh txdgudwlf rq wkh ohiw0kdqg vlgh

ri +8, fdq eh zulwwhq dv v2 .7v.6 @ +v.4,+v.6, vr zh fdq vroyh iru Oi|> vj txlwh hdvlo|=8

Oi|> vj @
6v. 46

+v. 4,+v. 6,
@

6+v. 4, . 43

+v. 4,+v. 6,

@
6

v. 6
.

43

+v. 4,+v. 6,

@
6

v. 6
.

43

6� 4

�
4

v. 4
� 4

v. 6

�
@

8

v. 4
� 5

v. 6
= +9,

Vwhs 6= Lqyhuw wkh wudqvirup wr jhw wkh vroxwlrq ri wkh jlyhq sureohp1 Zh kdyh

qrz zulwwhq wkh +Odsodfh wudqvirup ri wkh, vroxwlrq lq whupv ri nqrzq wudqvirupv1 Lqyhuvlrq

ri +9, lv wkxv vwudljkwiruzdug dqg uhvxowv lq=

|+w, @ O3� iOi|> vjj @ 8O3�
�

4

v. 4

�
� 5O3�

�
4

v. 6

�
@ 8h3| � 5h3�|= +:,

Ri frxuvh zh frxog kdyh rewdlqhg wklv vroxwlrq dovr txlwh hdvlo| xvlqj wkh vwdqgdug whfkqltxhv

vr iru wklv vlpsoh h{dpsoh wkh Odsodfh wudqvirup whfkqltxh lv qrw wkdw xvhixo1 Lw kdv vrph

ydoxh dgghg exw qrw d orw1 Wkh wklqj wr qrwh/ krzhyhu/ lv wkdw wkh phwkrg lv hvvhqwldoo|

xqfkdqjhg iru pxfk pruh frpsoh{ sureohpv1 Zh qrz vwxg| wzr vxfk fdvhv1

515 Fdvh vwxg| 5= Wlph0ydu|lqj iruflqj whup

Dvvxph wkdw wkh gl�huhqwldo htxdwlrq +5, lv uhsodfhg e|=

�|+w, . 7 b|+w, . 6|+w, @ j+w,> +;,

zkhuh j+w, lv vrph +slhfhzlvh frqwlqxrxv, iruflqj ixqfwlrq zklfk lv wlph0ghshqghqw dqg kdv

d xqltxh Odsodfh wudqvirup Oij> vj1 Wkh lqlwldo frqglwlrqv frqwlqxh wr eh dv jlyhq lq +6,1

Xvlqj wkh vdph surfhgxuh dv ehiruh zh ghulyh wkh vroxwlrq ri wkh vxevlgldu| htxdwlrq lq whupv

ri wkh Odsodfh wudqvirupv=

Oi|> vj� ~} �
rxwsxw

@
6v. 46

+v. 4,+v. 6,� ~} �
lqlwldo frqglwlrqv

.
Oij> vj

+v. 4,+v. 6,� ~} �
lqsxw

= +<,

8Zh vkrz wkh wulyldo vwhsv ohdglqj wr wkh �qdo uhvxow lq rughu wr ghprqvwudwh wkdw wkh dojheud lqyroyhg lq

r0vsdfh lv lqghhg wulyldo1 Lq jhqhudo/ wkh zrun lqyroyhg lq vwhs 5 ri wkh surfhgxuh lv dozd|v hdvlhu wkdq wdfnolqj

wkh sureohp gluhfwo| lq |0vsdfh1

:



Wkh �uvw whup rq wkh uljkw0kdqg vlgh lv wkh vdph dv ehiruh +vhh +9,, dqg uhvxowv iurp wkh lqlwldo

frqglwlrqv ri wkh sureohp1 Wkh vhfrqg whup rq wkh uljkw0kdqg vlgh uhsuhvhqwv wkh lq xhqfh ri

wkh wlph0ydu|lqj iruflqj whup1 Wzr ixuwkhu wklqjv pxvw eh qrwhg derxw htxdwlrq +<,1 Iluvw/

wkh h{suhvvlrq lv shuihfwo| jhqhudo1 D zkroh fodvv ri vkrfn whupv fdq eh xvhg lq +<, wr vroyh iru

|+w, diwhu lqyhuvlrq1 Vhfrqg/ lw vkrxog eh qrwhg wkdw doo ri wkh prgho*v g|qdplf surshuwlhv duh

frqwdlqhg lq wkh txdgudwlf ixqfwlrq dsshdulqj lq wkh ghqrplqdwru1 Lq idfw/ K+v, � �
Ern��Ern��

lv riwhq uhihuuhg wr dv wkh wudqvihu ixqfwlrq lq wkh hqjlqhhulqj olwhudwxuh vlqfh lw wudqvihuv

wkh vkrfn +wkh �lqsxw�, wr wkh yduldeoh ri lqwhuhvw +wkh �rxwsxw�,�vhh iru h{dpsoh Er|fh dqg

GlSulpd +4<<5/ s1 645,1 Wkh lqyhuvh ri K+v,/ ghqrwhg e| k+w, � O3�iK+v,j/ lv fdoohg wkh

lpsxovh uhsrqvh ixqfwlrq ri wkh v|vwhp19

516 Fdvh vwxg| 6= V|vwhpv ri gl�huhqwldo htxdwlrqv

Wkh wudqvirup phwkrg lv htxdoo| ydoxdeoh iru v|vwhpv ri gl�huhqwldo htxdwlrqv1 Vxssrvh wkdw

wkh g|qdplf prgho lv jlyhq lq pdwul{ irup e|=%
bN+w,
bT+w,

&
@ �

%
N+w,

T+w,

&
.

%
jg+w,

j'+w,

&
> +43,

zkhuh � lv wkh wzr0e|0wzr Mdfreldq pdwul{ zlwk w|slfdo hohphqw ��� / dqg j�+w, duh +srwhqwldoo|

wlph0ydu|lqj, vkrfn whupv1 Qrwh wkdw d v|vwhp olnh +43, rffxuv txlwh uhjxoduo| lq dqdo|wlfdo

orz0glphqvlrqdo pdfur prghov1

E| wdnlqj wkh Odsodfh wudqvirup ri +43,/ dqg qrwlqj surshuw| +S8, zh jhw=%
vOiN> vj �N+3,

vOiT> vj �T+3,

&
@ �

%
OiN>vj
OiT> vj

&
.

%
Oijg > vj
Oij'> vj

&
/

�+v,

%
OiN> vj
OiT> vj

&
@

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
> +44,

zkhuh �+v, � vL�� lv d wzr0e|0wzr pdwul{ ghshqglqj rq v dqg wkh hohphqwv ri �1 Zh nqrz

iurp pdwul{ dojheud wkdw wkh lqyhuvh ri wklv pdwul{/ �+v,3�/ fdq eh zulwwhq dv=

�+v,3� @
4

m�+v,mdgm�+v,> +45,

zkhuh dgm�+v, lv wkh dgmrlqw pdwul{ +l1h1 wkh pdwul{ ri fridfwruv 2 vljqhg plqruv, ri �+v, dqg

9Jhwwlqj lqwhuhvwlqj lpsxovh uhvsrqvh ixqfwlrqv rxw ri d vlpsoh prgho lv wkh Kro| Judlo iru UEF0dghswv1

Wkh| doprvw xqlirupo| xvh frpsxwhu vlpxodwlrqv wr frpsxwh lpsxovh uhvsrqvh ixqfwlrqv iru fdoleudwhg prghov1

Dv zh vkrz ehorz lw lv riwhq txlwh ihdvleoh wr ghulyh dqdo|wlfdo h{suhvvlrqv iru wkh lpsxovh uhvsrqvh ixqfwlrqv1

Wklv kdv wkh dgydqwdjh wkdw zh fdq vwxg| suhflvho| zkdw duh wkh fulwlfdo sdudphwhuv lq wkh lpsxovh uhvsrqvh

ixqfwlrq1 Vhh dovr wkh sohd e| Fdpsehoo +4<<7, lq wklv uhjdug1

;



m�+v,m lv wkh ghwhuplqdqw ri �+v,1: Iru wkh vlpsoh wzr0e|0wzr prgho dgm�+v, dqg m�+v,m duh=

dgm�+v, �
%

v� �22 ��2

�2� v� ���

&
> +46,

dqg=

m�+v,m @ +v� ���,+v� �22,� ��2�2�

@ v2 � +��� . �22,v. ����22 � ��2�2�

@ v2 � v wu�. m�m > +47,

zkhuh wu� dqg m�m duh/ uhvshfwlyho|/ wkh wudfh +l1h1 wkh vxp ri wkh gldjrqdo hohphqwv, dqg wkh

ghwhuplqdqw ri wkh pdwul{ �1 Wkh txdgudwlf htxdwlrq lq +47, fdq eh idfwruhg dv iroorzv=

m�+v,m @ +v� ��,+v� �2,> +48,

zkhuh �� dqg �2 duh wkh fkdudfwhulvwlf urrwv ri wkh pdwul{ �=

��c2 @
wu�	s

+wu�,2 � 7 m�m
5

= +49,

Ehiruh jrlqj rq zh qrwh�e| frpsdulqj +47, dqg +48,�wkdw iru wkh wzr0e|0wzr fdvh zh kdyh=

wu+�, @ �� . �2> m�m @ ���2> +4:,

l1h1 wkh vxp ri wkh fkdudfwhulvwlf urrwv htxdov wkh wudfh ri wkh Mdfreldq pdwul{ � dqg wkh

surgxfw ri wkhvh urrwv htxdov wkh ghwhuplqdqw ri wklv pdwul{1 Wklv surshuw| lv riwhq yhu|

xvhixo wr ghgxfh wkh vljqv ri wkhvh urrwv1 Lw lv qrw gl!fxow wr vhh zk| wklv lv vr e| orrnlqj

dw +49,1 Zh qrwh wkdw wkh urrwv duh uhdo +lpdjlqdu|, li +wu�,2 A +?, 7m�m dqg wkdw wkh|

duh glvwlqfw surylghg +wu�,2 9@ 7m�m1 Dovr/ li wu� A 3 wkhuh pxvw eh dw ohdvw rqh srvlwlyh

urrw1 Ilqdoo|/ li m�m ? 3 wkhuh lv h{dfwo| rqh srvlwlyh +xqvwdeoh, dqg rqh qhjdwlyh +vwdeoh, uhdo

fkdudfwhulvwlf urrw1;

Ohw xv qrz frqvlghu wkh wzr fdvhv hqfrxqwhuhg prvw riwhq lq wkh hfrqrplfv olwhudwxuh iru

zklfk wkh urrwv duh uhdo dqg glvwlqfw/ l1h1 +wu�,2 A 7m�m1

51614 Erwk urrwv qhjdwlyh +��> �2 ? 3,

Zh fdq xvh +44,/ +45,/ dqg +48, wr ghulyh wkh iroorzlqj h{suhvvlrq lq Odsodfh wudqvirupv=

%
OiN>vj
OiT> vj

&
@

dgm�+v,

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
+v� ��,+v� �2,

> +4;,

:Vwxghqwv qhhglqj d euxvkxs rq pdwul{ dojheud vkrxog frqvxow vrxufhv olnh�lq lqfuhdvlqj rughu ri

vrsklvwlfdwlrq�D|uhv +4<:7,/ Ruwhjd +4<;:,/ dqg Odqfdvwhu dqg Wlvphqhwvn| +4<;8,1
;Uhfdoo wkdw wkhvh fkdudfwhulvwlf urrwv duh jrlqj wr vkrz xs lq h{srqhqwldo ixqfwlrqv/ ebl|/ lq wkh vroxwlrq ri

wkh +v|vwhp ri, gl�huhqwldo htxdwlrq+v,1 Li wkh urrw lv srvlwlyh +qhjdwlyh, ebl| < " +< f, dv | < " vr srvlwlyh

+qhjdwlyh, urrwv duh xqvwdeoh +vwdeoh,1 Wkh nqlih0hgjh fdvh ri d }hur urrw lv dovr vwdeoh dv ef| ' � iru doo |1 Vhh

vhfwlrq 8 ehorz1

<



zklfk lv lq wkh vdph irupdw dv htxdwlrq +<,/ zlwk K+v, � dgm�+v,@^+v���,+v��2,` dfwlqj dv

wkh wudqvihu ixqfwlrq1 Wr vroyh wkh prgho iru sduwlfxodu vkrfnv lw lv xvhixo wr uh0h{suhvv wkh

wudqvihu ixqfwlrq1 Zh qrwh wkdw iru wkh wzr0e|0wzr fdvh dgm�+v, kdv wkh iroorzlqj surshuwlhv=

dgm�+v, @ dgm�+��, . +v� ��,L> +l @ 4> 5,> +4<,

L @
dgm�+��,� dgm�+�2,

�� � �2
>

zkhuh wkh vhfrqg uhvxow iroorzv iurp wkh �uvw1 Zh fdq qrz shuirup d sduwldo iudfwlrqv h{sdq0

vlrq ri wkh wudqvihu pdwul{=
dgm�+v,

+v� ��,+v� �2,
@

dgm�+v,

�� � �2

�
4

v� ��
� 4

v� �2

�

@
4

�� � �2

�
dgm�+v,

v� ��
� dgm�+v,

v� �2

�

@
4

�� � �2

�
L .

dgm�+��,

v� ��
� L � dgm�+�2,

v� �2

�

@
4

�� � �2

�
dgm�+��,

v� ��
� dgm�+�2,

v� �2

�
= +53,

E| xvlqj +53, lq +4;, zh rewdlq wkh iroorzlqj jhqhudo h{suhvvlrq lq whupv ri wkh Odsodfh

wudqvirupv=%
OiN>vj
OiT> vj

&
@

4

�� � �2

�
dgm�+��,

v� ��
� dgm�+�2,

v� �2

�%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
= +54,

Vxssrvh wkdw wkh vkrfnv duh vwhs ixqfwlrqv dqg vdwlvi| j�+w, @ j� iru l @ N>T dqg w � 31

Wkh Odsodfh wudqvirup iru vxfk vwhs ixqfwlrqv lv Oij�> vj @ j�@v zklfk fdq eh vxevwlwxwhg lq

+54,1 Diwhu vrph pdqlsxodwlrq zh rewdlq wkh iroorzlqj uhvxow=%
OiN>vj
OiT> vj

&
@

�
E

v� ��
.

L �E

v� �2

�%
N+3,

T+3,

&
+55,

�
�
E

��

� ���
v+v� ��,

�
.

L �E

�2

� ��2
v+v� �2,

��%
jg

j'

&
>

zkhuh E � dgm�+��,@+�� � �2, dqg L � E � �dgm�+�2,@+�� � �2, duh zhljkwlqj pdwulfhv1<

Wkh h{suhvvlrq lv qrz lq whupv ri nqrzq Odsodfh wudqvirupv vr wkdw lqyhuvlrq lv fklog*v sod|=%
N+w,

T+w,

&
@

k
Ehb�| . +L �E,hb2|

l % N+3,

T+3,

&
+56,

�
�
E

��

�
4� hb�|

�
.

L �E

�2

�
4� hb2|

��% jg

j'

&
=

<Wkhvh zhljkwlqj pdwulfhv dovr vdwlvi|=

�

b�
n

U 3�

b2
'

@_�\Ef�

3b�b2
'

@_�{

b�b2
' {3��

Wkhvh uhvxowv duh xvhg ehorz1 Qrwh wkdw zh kdyh xvhg wkh idfw wkdw @_�\Ef� ' @_�E3{� ' E3��?3�@_�{/ zkhuh

? lv wkh rughu ri { +? ' 2 khuh,1 Vhh Odqfdvwhu dqg Wlvphqhwvn| +4<;8/ s1 76,1

43



Htxdwlrq +56, frqvwlwxwhv wkh ixoo vroxwlrq ri wkh sureohp1 Lw |lhogv lpsdfw/ wudqvlwlrq/

dqg orqj0uxq uhvxowv ri wkh vkrfn1 Wr fkhfn wkdw zh kdyh grqh wklqjv fruuhfwo| zh yhuli|

wkdw zh fdq uhfryhu iurp +56, wkh lqlwldo frqglwlrqv e| vhwwlqj w @ 3 dqg wkh orqj0uxq vwhdg|

vwdwh e| ohwwlqj w $ 41 Wkh �uvw uhvxow lv reylrxv= iru w @ 3 zh kdyh wkdw hb�| @ 4 vr wkdw

N+w, @ N+3, dqg T+w, @ T+3,1 Vlploduo|/ iru w $ 4/ hb�| $ 3 +vlqfh erwk urrwv duh vwdeoh,

dqg zh jhw iurp +56,=%
N+4,

T+4,

&
@ �

�
E

��
.

L �E

�2

�%
jg

j'

&
@

�dgm�+3,

����2

%
jg

j'

&

@
dgm�

�m�m

%
jg

j'

&
@ ��3�

%
jg

j'

&
> +57,

zklfk lv wkh vdph vroxwlrq zh zrxog kdyh rewdlqhg e| vxevwlwxwlqj wkh shupdqhqw vkrfn lq

+43, dqg lpsrvlqj wkh vwhdg| vwdwh1 Vr dw ohdvw wkh lqlwldo dqg xowlpdwh h�hfwv fkhfn rxw$

Zh frxog kdyh fkhfnhg rxw rxu uhvxowv dovr e| zrunlqj gluhfwo| zlwk wkh vroxwlrq lq whupv

ri Odsodfh wudqvirupv ^l1h1 +54, lq jhqhudo dqg +55, iru wkh sduwlfxodu vkrfnv`1 Zh qhhg wkh

iroorzlqj wzr surshuwlhv wr gr vr1

Surshuw| : Li wkh lqglfdwhg olplwv h{lvw wkhq wkh lqlwldo0ydoxh wkhruhp vd|v=

olp
|<f

i+w, @ olp
r<"

vOii> vj +S:,

dqg wkh �qdo0ydoxh wkhruhp vd|v=

olp
|<"

i+w, @ olp
r<f

vOii> vj +S;,

Surri= Wkh surriv duh vxjjhvwhg e| Vslhjho +4<98/ s1 53,1 Zh nqrz iurp surshuw| +S8,

wkdw=

Oii �> vj �
] "

f
h3r|i �+w,gw @ vOii> vj � i+3,= +d,

Exw li i �+w, lv slhfhzlvh frqwlqxrxv dqg ri h{srqhqwldo rughu wkhq lw kdv d Odsodfh wudqvirup

dqg zh nqrz iurp surshuw| +S6, wkdw olp
r<"

Oii �> vj @ 31 Xvlqj wklv uhvxow lq +d, |lhogv=

3 @ olp
r<"

vOii> vj � i+3, +, olp
r<"

vOii> vj @ i+3, @ olp
|<f

i+w,> +e,

zklfk suryhv +S:,1 Wkh surri ri +S;, zrunv lq d vlplodu idvklrq1 E| xvlqj +d, zh jhw=

olp
r<f

] "

f
h3r|i �+w,gw @ olp

r<f
vOii> vj � i+3,= +f,

Wkh ohiw0kdqg vlgh ri +f, fdq eh uhzulwwhq dv=

olp
r<f

] "

f
h3r|i �+w,gw @

] "

f
i �+w,gw @ olp

A<"

] A

f
i �+w,gw @ olp

A<"

] A

f
gi+w,

@ olp
A<"

i+W ,� i+3,= +g,
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E| frpelqlqj +f, dqg +g, zh rewdlq wkh uhtxluhg uhvxow1 �
Dsso|lqj Surshuw| +S:, gluhfwo| wr +55, zh rewdlq=

olp
r<"

%
vOiN> vj
vOiT> vj

&
@

5
997E olp

r<"

�
v

v� ��

�
� ~} �

'�

. +L �E, olp
r<"

�
v

v� �2

�
� ~} �

'�

6
::8
%

N+3,

T+3,

&

�

5
997E

��
olp
r<"

� ���v

v+v� ��,

�
� ~} �

'f

.
L �E

�2
olp
r<"

� ��2v

v+v� �2,

�
� ~} �

'f

6
::8
%

jg

j'

&

@ ^E . L �E`

%
N+3,

T+3,

&
@

%
N+3,

T+3,

&
=

Vlploduo|/ dsso|lqj Surshuw| +S;, wr +55, zh jhw=

olp
r<f

%
vOiN>vj
vOiT> vj

&
@

5
997E olp

r<f

�
v

v� ��

�
� ~} �

'f

. +L �E,olp
r<f

�
v

v� �2

�
� ~} �

'f

6
::8
%

N+3,

T+3,

&

�

5
997E

��
olp
r<f

� ���v

v+v� ��,

�
� ~} �.

'�

L �E

�2
olp
r<f

� ��2v

v+v� �2,

�
� ~} �

'�

6
::8
%

jg

j'

&

@ �
�
E

��
.

L �E

�2

�%
jg

j'

&
@

%
N+4,

T+4,

&
=

51615 Urrwv dowhuqdwh lq vljq +�� ? 3 ? �2,

D vlwxdwlrq zklfk rffxuv txlwh uhjxoduo| lq g|qdplf pdfur prghov lv rqh lq zklfk wkh Mdfreldq

pdwul{ � lq +43, kdv rqh qhjdwlyh +vwdeoh, urrw dqg rqh srvlwlyh +xqvwdeoh, urrw1 Wkh zd| wr

fkhfn iru vxfk vdggoh0srlqw vwdelolw| lv hlwkhu e| phdqv ri +49, ru +4:,1 Iurp +49, zh revhuyh

wkdw li m�m ? 3 wkhq zh kdyh glvwlqfw dqg uhdo urrwv iru vxuh vlqfh
s
+wu�,2 � 7m�m A 31 Dovr/

vlqfh m�m ? ���2 ? 3 lw pxvw eh wkh fdvh wkdw �� ? 3 ? �21 Ri frxuvh zh dovr vhh wklv gluhfwo|

iurp +4:,1

Wkh ehdxw| ri wkh Odsodfh wudqvirup whfkqltxh lv qrz wkdw +4;, lv vwloo dssursuldwh dqg mxvw

qhhgv wr eh vroyhg gl�huhqwo|1 Ohw xv prwlydwh wkh dowhuqdwlyh vroxwlrq phwkrg khxulvwlfdoo|

e| zulwlqj +4;, dv iroorzv=

+v� ��,

%
OiN>vj
OiT> vj

&
@

dgm�+v,

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
v� �2

= +58,
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Lq d wzr0e|0wzr vdggoh0srlqw vwdeoh v|vwhp wkhuh lv rqh suhghwhuplqhg dqg rqh qrq0suhghwhupl0

qhg +ru �mxpslqj�, yduldeoh vr zh qhhg wr vxsso| rqo| rqh lqlwldo frqglwlrq +dqg qrw wzr dv

ehiruh,1 Ohw xv dvvxph wkdw N lv wkh suhghwhuplqhg yduldeoh +wkh ydoxh ri zklfk lv ghwhuplqhg

lq wkh sdvw/ h1j1 d vwrfn ri kxpdq ru sk|vlfdo fdslwdo/ dvvhwv/ hwfhwhud, vr wkdw N+3, lv jlyhq1

Exw wkhq T lv wkh qrq0suhghwhuplqhg yduldeoh +h1j1 d +vkdgrz, sulfh, vr zh pxvw vrphkrz

�jxuh rxw lwv lqlwldo frqglwlrq143 Lw lv fohdu iurp +58, krz zh vkrxog gr wklv1

Qrwh wkdw wkh lqvwdelolw| ruljlqdwhv iurp wkh xqvwdeoh urrw �21 Iru v @ �2 zh kdyh wkdw wkh

ghqrplqdwru rq wkh uljkw0kdqg vlgh ri +58, lv }hur1 Wkh rqo| zd| zh fdq vwloo rewdlq erxqghg

+dqg wkxv hfrqrplfdoo| vhqvleoh, vroxwlrqv iru OiN> vj dqg OiT> vj lv li wkh qxphudwru rq wkh

uljkw0kdqg vlgh ri +58, lv dovr }hur iru v @ �2/ l1h1 li=

dgm�+�2,

%
N+3, . Oijg > �2j
T+3, . Oij'> �2j

&
@

%
3

3

&
= +59,

Doo h{fhsw rqh ri wkh yduldeohv dsshdulqj lq +59, duh ghwhuplqhg vr T+3, pxvw eh vxfk wkdw

+59, krogv1 Dw �uvw ylhz lw dsshduv dv li +59, uhsuhvhqwv wzr htxdwlrqv lq rqh xqnqrzq exw

wkdw lv qrw wkh fdvh1 D wkhruhp iurp pdwul{ dojheud vd|v wkdw/ vlqfh �+�2, lv ri udqn 4 vr lv

dgm�+�2,144 Vr/ lq idfw/ zh fdq xvh hlwkhu urz ri +59, wr frpsxwh T+3,=

%
3

3

&
@

%
�2 � �22 ��2

�2� �2 � ���

&%
N+3, . Oijg > �2j
T+3, . Oij'> �2j

&
@,

T+3, @ �Oij'> �2j �
�
�2 � �22

��2

�
^N+3, . Oijg > �2j` +5:,

@ �Oij'> �2j �
�

�2�
�2 � ���

�
^N+3, . Oijg > �2j` = +5;,

Zh qh{w xvh +4<,/ +58,/ dqg +59, wr jhw=

+v� ��,

%
OiN>vj
OiT> vj

&
@

dgm�+�2,

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
v� �2

.

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&

@

%
N+3, .Oijg > vj
T+3, . Oij'> vj

&
. dgm�+�2,

%
nt}g cr�3nt}g cb2�

r3b2
nt}'cr�3nt}'cb2�

r3b2

&
> +5<,

zkhuh zh kdyh xvhg +59, lq wkh odvw vwhs1 Qrwh wkdw lq +5<, doo h�hfwv ri wkh xqvwdeoh urrw kdyh

ehhq lqfrusrudwhg dqg rqo| wkh vwdeoh g|qdplfv uhpdlqv +uhsuhvhqwhg e| wkh whup lqyroylqj

v� ��,1

43Ri frxuvh/ hfrqrplf wkhru| vxjjhvwv zklfk yduldeohv duh suhghwhuplqhg dqg zklfk rqhv duh qrw1
44 Lq jhqhudo/ li wkh ?0vtxduh pdwul{ { kdv glvwlqfw hljhqydoxhv lwv hljhqyhfwruv duh olqhduo| lqghshqghqw dqg

wkh udqn ri \Eb��  b�U 3{ lv ? 3 � +D|uhv/ 4<:7/ s1 483,1 Ixuwkhupruh/ iru dq| ?0vtxduh pdwul{ � ri udqn

?3 � zh kdyh wkdw @_�� lv ri udqn 4 +D|uhv/ 4<:7/ s1 83,1
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Vxssrvh djdlq wkdw wkh vkrfnv vdwlvi| j�+w, @ j� iru l @ N>T dqg w � 3 vr wkdw Oij�> vj @

j�@v dqg=

Oij�> vj � Oij�> �2j
v� �2

@

}�
r � }�

b2

v� �2
@ � j�

v�2
=

E| xvlqj wkhvh uhvxowv lq +5<, zh rewdlq wkh ixoo vroxwlrq ri wkh vdggoh0srlqw vwdeoh prgho=

+v� ��,

%
OiN>vj
OiT> vj

&
@

%
N+3,

T+3,

&
� 4

�2
^dgm�+�2,� �2L`

%
jg

j'

&
4

v
+,%

OiN>vj
OiT> vj

&
@

%
N+3,

T+3,

&�
4

v� ��

�
� dgm�+3,

����2

%
jg

j'

&� ���
v+v� ��,

�

@

%
N+3,

T+3,

&�
4

v� ��

�
.

%
N+4,

T+4,

&� ���
v+v� ��,

�
> +63,

zkhuh zh kdyh xvhg +4<, dqg wkh uhvxow lq irrwqrwh </ dqg zkhuh T+3, lv rewdlqhg e| vxevwl0

wxwlqj wkh vkrfn whupv lq hlwkhu +5:, ru +5;,1 E| lqyhuwlqj +63, zh rewdlq wkh vroxwlrq lq wkh

wlph glphqvlrq1%
N+w,

T+w,

&
@

%
N+3,

T+3,

&
hb�| .

%
N+4,

T+4,

&�
4� hb�|

�
= +64,

Wkh nh| srlqw wr qrwh lv wkdw wkh vwdeoh urrw ghwhuplqhv wkh vshhg ri wudqvlwlrq ehwzhhq wkh

uhvshfwlyh lpsdfw dqg orqj0uxq uhvxowv1

6 G|qdplf wd{ srolf| lq dq ROJ prgho

Zh qrz srvvhvv doo wkh whfkqlfdo wrrov qhhghg wr shuirup rxu �uvw frpsdudwlyh g|qdplf

dqdo|vlv1 Lq wklv vhfwlrq zh looxvwudwh wkh phwkrgv lqyroyhg zlwk wkh dlg ri wkh Khlmgud0Oljwkduw

+5333, sdshu zklfk vkrzv krz wr dqdo|}h wd{ srolf| lq d g|qdplf ryhuodsslqj0jhqhudwlrqv

+ROJ, prgho1 Wklv prgho lv ri vrph lqwhuhvw dv lw qhvwv ydulrxv lq xhqwldo prghov dv vshfldo

fdvhv/ yl}1 wkh ROJ prgho ri Eodqfkdug +4<;8, dqg wkh surwrw|slfdo UEF prgho ri Ed{whu

dqg Nlqj +4<<6,1

614 Wkh prgho

Wkh prgho lv ghvfulehg h{whqvlyho| lq Khlmgud dqg Oljwkduw +5333,1 Wkh gh�qlqj htxdwlrqv

dqg yduldeoh dqg sdudphwhu gh�qlwlrqv duh jdwkhuhg iru frqyhqlhqfh lq Wdeoh 51 Htxdwlrq

+W514, vkrzv wkdw qhw lqyhvwphqw + bN+w,, htxdov rxwsxw plqxv frqvxpswlrq +jryhuqphqw frq0

vxpswlrq lv ghhphg devhqw dqg \ +w, uhsuhvhqwv qhw rxwsxw/ l1h1 diwhu doorzlqj iru ghsuhfldwlrq
ri wkh fdslwdo vwrfn,1 +W515, lv wkh prgl�hg Nh|qhv0Udpvh| uxoh/ l1h1 wkh djjuhjdwh frqvxps0

wlrq Hxohu htxdwlrq zklfk gl�huv iurp wkh Hxohu htxdwlrq iru lqglylgxdo krxvhkrogv ehfdxvh

ri wkh wxuqryhu ri jhqhudwlrqv1 +W516, lv wkh jryhuqphqw exgjhw frqvwudlqw +wkhuh duh qr
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erqgv,1 Wudqvihuv wr wkh krxvhkrog vhfwru dgg xs wr wkh wrwdo uhyhqxh ri wkh wd{hv rq fdslwdo/

oderxu lqfrph/ dqg frqvxpswlrq1 +W517,0+W518, duh wkh pdujlqdo surgxfwlylw| frqglwlrqv iru/

uhvshfwlyho|/ oderxu dqg fdslwdo1 Vlqfh fdslwdo lv wd{hg dw �up ohyho/ wg dsshduv lq +W518,1 Lq

frqwudvw/ vlqfh oderxu lv qrw wd{hg dw �up ohyho +wkhuh lv qr sd|uroo wd{, wkhuh lv qr wd{ whup

dsshdulqj lq +W517,1 +W519, vkrzv krz wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxps0

wlrq dqg ohlvxuh ghshqgv rq wkh diwhu0wd{ zdjh udwh1 Lq ylhz ri wkh lqwhuwhpsrudo dgglwlylw|

ri wkh xwlolw| ixqfwlrqdo/ doo wkh g|qdplfv lq wkh krxvhkrog fkrlfh sureohp lv vxppdul}hg

e| wkh frqvxpswlrq Hxohu htxdwlrq dqg wkh vwdwlf ghflvlrq uxoh +W519, uhodwhv vshqglqj rq

ohlvxuh +dqg wkxv oderxu vxsso|, wr frqvxpswlrq dqg wkh wd{ zhgjh1 Erwk wkh frqvxpswlrq

wd{ dqg wkh oderxu lqfrph wd{ duh frpsrqhqw ri wklv wd{ zhgjh1 +W51:, lv wkh djjuhjdwh

surgxfwlrq ixqfwlrq uhodwlqj qhw rxwsxw wr wkh surgxfwlrq idfwruv oderxu dqg fdslwdo1 Wrwdo

idfwru surgxfwlylw| lv h{rjhqrxv dqg uhsuhvhqwhg e| f1 Ilqdoo|/ +W51;, lv wkh idfwru sulfh

iurqwlhu/ rewdlqhg e| frpelqlqj +W517,/ +W518,/ dqg +W51:,1

Wdeoh 5= Wkh prgho lq ohyhov

bN+w, @ \ +w,�F+w, +W514,
bF+w,

F+w,
@

�
u+w,� �� bwF+w,

4 . wF+w,

�
� �F�+�. �,

�
N+w,

^4 . wF+w,`F+w,

�
+W515,

W +w, @ wN+w, ^\ +w,�Z +w,O+w,` . wO+w,Z +w,O+w, . wF+w,F+w, +W516,

Z +w, @ �O

�
\ +w,

O+w,

�
+W517,

u+w,

4� wN+w,
@ +4� �O,

�
\ +w,

N+w,

�
+W518,

Z +w, ^4� O+w,` @

�
4� �F
�F

��
4 . wF+w,

4� wO+w,

�
F+w, +W519,

\ +w, @ 3O+w,
�ON+w,4��O +W51:,

3 @

�
Z +w,

�O

��O �
u+w,

+4� �O,+4� wN+w,,

�4��O

+W51;,

Yduldeohv= Sdudphwhuv=
O+w, hpsor|phqw � udwh ri wlph suhihuhqfh
F+w, djjuhjdwh frqvxpswlrq � eluwk udwh
\ +w, qhw djjuhjdwh rxwsxw f surgxfwlylw| sdudphwhu
Z +w, zdjh udwh �u surgxfwlrq vkduh ri oderxu
N+w, fdslwdo vwrfn �� suhihuhqfh sdudphwhu
u+w, udwh ri lqwhuhvw
W +w, oxps0vxp wudqvihuv Qrwdwlrq=
w�+w, frqvxpswlrq wd{ b{+w, � g{+w,@gw
wu+w, oderxu lqfrph wd{
wg+w, fdslwdo wd{
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615 Prgho surshuwlhv

Ehiruh xvlqj wkh prgho frqwdlqhg lq Wdeoh 5 iru dq|wklqj dw doo zh pxvw �uvw vwxg| lwv

surshuwlhv1 Lq sduwlfxodu/ zh pxvw lqyhvwljdwh h{lvwhqfh/ xqltxhqhvv/ dqg vwdelolw| ri wkh

htxloleulxp1 Zlwk wkh dgyhqw ri frpsxwhu vlpxodwlrq prghov wklv vwhs ri wkh dujxphqwdwlrq

lv udslgo| ehfrplqj d �orvw duw� dprqj pdfurhfrqrplvwv1 Dv zh ghprqvwudwh lq wkh uhpdlqghu

ri wklv vhfwlrq/ lw lv qrw rqo| ihdvleoh exw dovr lqvljkwixo wr vwxg| wkh dqdo|wlfdo surshuwlhv ri

wkh prgho ehiruh wxuqlqj wr olqhdulvdwlrq dqg2ru vlpxodwlrq1 Wkh �uvw wdvn dw kdqg lv wkh

ghulydwlrq ri wkh skdvh gldjudp1

61514 Hpsor|phqw dv d ixqfwlrq ri wkh vwdwh yduldeohv

E| xvlqj oderxu ghpdqg +W517,/ oderxu vxsso| +W519,/ dqg wkh surgxfwlrq ixqfwlrq +W51:,�

dqg gursslqj wkh wlph lqgh{ zkhuh qr frqixvlrq lv srvvleoh�zh rewdlq dq h{suhvvlrq uhodwlqj

+oderxu0pdunhw0fohdulqj, htxloleulxp hpsor|phqw wr wkh vwdwh yduldeohv +F dqg N, dqg wkh

h{rjhqrxv yduldeohv=

+�+O, �, +4� O,O"u3� @

�
+4� ��,+4 . wM,

���uf

�
FN3E�3"u�> +65,

zkhuh wM � +w�.wu,@+4�wu, lv wkh wd{ zhgjh gluhfwo| idflqj krxvhkrogv/ dqg �+O, lv d ghfuhdv0

lqj ixqfwlrq lq wkh ihdvleoh lqwhuydo O 5 ^3> 4` zlwk ��+O, @ �O"u32 ^+4� �u,+4� O, . O` ? 3

dqg ���+O, @ +4 � �u,O
"u3� ^5� �u+4� O,` A 31 Lq vxppdu|/ +65, vkrzv wkdw htxloleulxp

hpsor|phqw ghshqgv qhjdwlyho| rq frqvxpswlrq dqg srvlwlyho| rq wkh fdslwdo vwrfn1

61515 Fdslwdo vwrfn htxloleulxp

Wkh fdslwdo vwrfn htxloleulxp +FVH, orfxv uhsuhvhqwv srlqwv lq +F>N,0vsdfh iru zklfk bN @ 3

dqg wkxv \ @ F1 Zh qrwh iurp +W517, dqg +W519, wkdw=

4� O

O
@

�
+4� ��,+4 . wM,

���u

��
F

\

�
> +66,

vr wkdw O lv frqvwdqw dorqj wkh FVH olqh +vlqfh F@\ @ 4,=

OW @
���u

���u . +4� ��,+4 . wM,
= +67,

Qrwh wkdw li oderxu vxsso| lv h{rjhqrxv +�� @ 4 vr wkdw O @ 4, wkh frqvxpswlrq dqg oderxu

lqfrph wd{hv gr qrw d�hfw htxloleulxp hpsor|phqw1 Lq frqwudvw/ zlwk hqgrjhqrxv oderxu

vxsso| +3 ? �� ? 4,/ dq lqfuhdvh lq wkh wd{ zhgjh uhgxfhv htxloleulxp hpsor|phqw dorqj wkh

FVH fxuyh1

E| vxevwlwxwlqj +67, lqwr +W51:, dqg xvlqj +W514, lq vwhdg|0vwdwh irupdw/ wkh FVH fxuyh

fdq eh zulwwhq dv=

F @ f +O
W,"u N�3"u > +68,
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CFERA
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�

�

Iljxuh 5= Skdvh gldjudp iru wkh UD prgho

zklfk lv wkh frqfdyh ixqfwlrq wkurxjk wkh ruljlq lq Iljxuhv 5 dqg 61 Fhwhulv sdulexv wkh fdslwdo

vwrfn/ dq lqfuhdvh +ghfuhdvh, lq frqvxpswlrq ghfuhdvhv +lqfuhdvhv, htxloleulxp hpsor|phqw

+vhh +65,,/ rxwsxw/ dqg qhw lqyhvwphqw1 Khqfh/ bN ? 3 +A 3, iru srlqw deryh +ehorz, wkh FVH

olqh1 Wklv kdv ehhq looxvwudwhg zlwk krul}rqwdo duurzv lq Iljxuhv 5 dqg 61

61516 Frqvxpswlrq  rz htxloleulxp

Wkh frqvxpswlrq  rz htxloleulxp +FIH, orfxv uhsuhvhqwv srlqwv lq +F>N,0vsdfh iru zklfk

wkh djjuhjdwh  rz ri frqvxpswlrq lv lq htxloleulxp + bF @ 3,1 E| xvlqj +W515, lq vwhdg|0vwdwh/

+66,/ dqg +W51:, zh fdq zulwh wkh FIH orfxv dv iroorzv=

�+�. �, @

�
�u+4� wu,

4� ��

��
4� O

O

�
| ^+4� �u,+4� wg,| � �` +69,

| @ f

�
O

N

�"u

> +6:,

zkhuh | � \@N lv wkh rxwsxw0fdslwdo udwlr1 Htxdwlrqv +69,0+6:, gh�qh frqvxpswlrq  rz

htxloleulxp lq +N>O,0vsdfh1 Lq frpelqdwlrq zlwk +67, wkh| |lhog dq lpsruwdqw uhvxow1

Sursrvlwlrq 4 Xqltxh vwhdg| vwdwh1 D vwhdg|0vwdwh htxloleulxp ri wkh prgho lq Wdeoh 5 h{lvwv

dqg lv xqltxh1

Surri= Lq wkh vwhdg| vwdwh bN @ bF @ 3 vr wkdw +e| +67,, O @ OW1 Wkhq +69, gh�qhv d xqltxh

rxwsxw0fdslwdo udwlr |W dqg +6:, d xqltxh fdslwdo vwrfn NW1 Wkh surgxfwlrq ixqfwlrq +W51:,

wkhq |lhogv d xqltxh rxwsxw ohyho \ W zklfk htxdov frqvxpswlrq FW lq wkh vwhdg| vwdwh1 Doo

rwkhu yduldeohv duh ghwhuplqhg xqltxho| dovr1 �
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Uhsuhvhqwdwlyh0djhqw prgho Ehiruh wxuqlqj wr wkh prvw jhqhudo yhuvlrq ri wkh prgho/

zh �uvw vwxg| wkh surwr0w|slfdo uhsuhvhqwdwlyh0djhqw +UD, yhuvlrq ri wkh prgho zklfk lv

rewdlqhg e| vhwwlqj wkh eluwk0ghdwk udwh htxdo wr }hur +� @ 3,1 Htxdwlrq +69, wkhq ihdwxuhv

wzr vroxwlrqv/ l1h1 d wulyldo rqh +O @ 4/ uhsuhvhqwlqj wkh krul}rqwdo lqwhufhsw/ F @ 3/ lq Iljxuh

5, dqg d qrq0wulyldo htxloleulxp rxwsxw0fdslwdo udwlr=

| @ �| @
�

+4� �u,+4� wg,
= +6;,

Lq ylhz ri +6:, dqg +6;, wkh fruuhvsrqglqj fdslwdo0oderxu udwlr lv=

N

O
@

�
f

�|

��*"u

= +6<,

E| xvlqj +6;,0+6<, lq +65, zh rewdlq d vlpsoh h{suhvvlrq iru wkh FIH fxuyh dvvrfldwhg zlwk

wkh UD yhuvlrq ri wkh prgho=

F @

�
���uf

+4� ��,+4 . wM,

��
N

O

��3"u

+4� O,

@

�
���uf

+4� ��,+4 . wM,

��
f

�|

�E�3"u�*"u
%
4�

�
f

�|

�3�*"u

N

&

@

�
���uf

+4� ��,+4 . wM,

��
�

+4� �u,+4� wg,f

�%�
f

�|

��*"u

�N

&

@

�
����u

+4� ��,+4� �u,+4� wg,+4 . wM,

�%�
f

�|

��*"u

�N

&
= +73,

Khqfh/ wkh FIH fxuyh iru wkh UD prgho lv olqhdu dqg grzqzdug vorslqj�vhh FIH+� lq Iljxuh

51

Wkh g|qdplf irufhv iru djjuhjdwh frqvxpswlrq iroorz iurp +W515, zlwk � @ 3 lpsrvhg/

+W518,/ dqg +W51:, =

bF

F
@ +4� �u,+4� wg,

�
O

N

�"u

� �= +74,

Fhwhulv sdulexv wkh fdslwdo vwrfn/ dq lqfuhdvh +ghfuhdvh, lq frqvxpswlrq ghfuhdvhv +lqfuhdvhv,

htxloleulxp hpsor|phqw +vhh htxdwlrq +65,, zklfk lqfuhdvhv +ghfuhdvhv, wkh fdslwdo oderxu

udwlr dqg ghfuhdvhv +lqfuhdvhv, wkh lqwhuhvw udwh1 Khqfh/ bF@F ? 3 +A 3, iru srlqwv deryh

+ehorz, wkh FIH+� olqh1 Wkhvh h�hfwv kdyh ehhq looxvwudwhg zlwk yhuwlfdo duurzv lq Iljxuh

51 Lw iroorzv iurp wkh duurz frq�jxudwlrq lq Iljxuh 5 wkdw wkh xqltxh htxloleulxp Hf lv

vdggoh0srlqw vwdeoh1 Lq vxevhfwlrq 616 ehorz wklv idfw vkdoo eh ghprqvwudwhg pruh irupdoo|1

Ryhuodsslqj0jhqhudwlrqv prgho Ohw xv qrz frqvlghu wkh prvw jhqhudo yhuvlrq ri wkh

prgho iru zklfk wkh eluwk udwh lv srvlwlyh +� A 3, dqg wkh hfrqrp| lv srsxodwhg e| glvfrq0

qhfwhg ryhuodsslqj jhqhudwlrqv ri krxvhkrogv1 Wkh ghulydwlrq ri wkh FIH olqh lv qrz pxfk
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pruh frpsolfdwhg dv lw fdq rqo| eh ghvfulehg sdudphwulfdoo|/ l1h1 e| ydu|lqj O lq wkh ihdvleoh

lqwhuydo ^3> 4`1

Zh �uvw zulwh +69, lq d pruh frqyhqlhqw irupdw=

�f � �+�. �,+4� ��,

�u+4� �u,+4� wu,+4� wg,
@

�
4� O

O

�
| ^| � �|` > +75,

zkhuh �| lv jlyhq lq +6;, dqg �f A 31 Vroylqj +75, iru wkh srvlwlyh +hfrqrplfdoo| vhqvleoh, urrw

|lhogv wkh htxloleulxp rxwsxw0fdslwdo udwlr iru wkh ryhuodsslqj0jhqhudwlrqv +ROJ, prgho dv d

ixqfwlrq ri O=

| @ �|

%
4

5
.

v
4

7
.

�f
�|2

�
O

4� O

�&
= +76,

Xvlqj +76, lq +6:, |lhogv dq h{suhvvlrq iru wkh fdslwdo0oderxu udwlr=

�
N

O

�
@

�
f

�|

��*"u
%
4

5
.

v
4

7
.

�f
�|2

�
O

4� O

�&3�*"u
> +77,

iurp zklfk zh ghulyh wkh iroorzlqj olplwlqj uhvxowv=

olp
u<f

�
N

O

�
@

�
f

�|

��*"u

> olp
u<�

�
N

O

�
@ 3= +78,

Wkh oderxu pdunhw htxloleulxp frqglwlrq +65, |lhogv dq h{suhvvlrq iru frqvxpswlrq=

F @

�
���uf

+4� ��,+4 . wM,

��
N

O

��3"u

+4� O,> +79,

iurp zklfk zh ghulyh wkh iroorzlqj olplwlqj uhvxowv=

olp
u<f

F @

�
���uf

+4� ��,+4 . wM,

�
olp
u<f

�
N

O

��3"u

+7:,

@

�
���uf

+4� ��,+4 . wM,

��
f

�|

�E�3"u�*"u

>

olp
u<�

F @ 3= +7;,

Khqfh/ wkh FIH olqh iru wkh ROJ prgho kdv wkh vdph yhuwlfdo lqwhufhsw dv FIH+� dv O $ 3

+frpsduh +7:, dqg +73,, dqg jrhv wkurxjk wkh ruljlq dv O $ 41 Wkhvh srlqw kdyh doo ehhq

looxvwudwhg lq Iljxuh 61

Lw lv vwudljkwiruzdug�wkrxjk vrphzkdw whglrxv�wr suryh wkdw FIH�wB lv krul}rqwdo qhdu

wkh ruljlq +zkhuh O � 4, dqg grzqzdug vorslqj dqg vwhhshu wkdq FIH+� qhdu wkh yhuwlfdo

lqwhufhsw +zkhuh O � 3,1 Lqwxlwlyho|/ FIH�wB lv yhu| vlplodu wr wkh rqh iru wkh vwdqgdug

Eodqfkdug prgho zlwk h{rjhqrxv oderxu vxsso| iru ydoxhv ri O forvh wr xqlw|1 Vlploduo|/ lw lv

yhu| vlplodu wr wkh UD prgho zlwk hqgrjhqrxv oderxu vxsso| iru ydoxhv ri O forvh wr }hur1
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Iljxuh 6= Skdvh gldjudp iru wkh ROJ prgho

Sxw gl�huhqwo|/ rq wkh orzhu eudqfk ri wkh FIH�wB fxuyh wkh �jhqhudwlrqdo0wxuqryhu h�hfw�

grplqdwhv zkhuhdv rq wkh xsshu eudqfk wkh �oderxu vxsso| h�hfw� grplqdwhv +vhh Khlmgud

+4<<<,/ Khlmgud dqg Oljwkduw +5333,/ dqg ehorz,1

Wkh g|qdplf irufhv dw zrun fdq eh vwxglhg e| xvlqj +W515,/ +W518,/ dqg +W51:,=

bF

F
@ u+F

3
>N
3
,� ��

�
���+�. �,

4 . w�

��
N

F

�
> +7<,

zkhuh u+F>N, lv vkruw0kdqg qrwdwlrq iru wkh ghshqghqfh ri wkh uhdo lqwhuhvw udwh rq frqvxps0

wlrq dqg wkh fdslwdo vwrfn1 Vlpsoh lqwxlwlyh dujxphqwv fdq eh xvhg wr prwlydwh wkh vljqv ri

wkh sduwldo ghulydwlyhv ri wkh u+F>N, ixqfwlrq/ zklfk duh ghqrwhg e| u� dqg ug / uhvshfwlyho|1

Vrph vlpsoh judskv fdq foduli| pdwwhuv1

Frqvlghu Iljxuh 7 zklfk ghslfwv wkh vlwxdwlrq rq wkh uhqwdo pdunhw iru fdslwdo dqg wkh

oderxu pdunhw1 Lq wkh ohiw0kdqg sdqho/ wkh vxsso| ri fdslwdo lv suhghwhuplqhg lq wkh vkruw

uxq�vd| dw Nf�dqg wkh ghpdqg iru fdslwdo lv grzqzdug vorslqj�gxh wr glplqlvklqj uhwxuqv

wr fdslwdo�dqg ghshqgv srvlwlyho| rq wkh hpsor|phqw ohyho�ehfdxvh wkh wzr idfwruv duh frrs0

hudwlyh lq surgxfwlrq1 Wkh uljkw0kdqg sdqho vkrzv wkh vlwxdwlrq rq wkh oderxu pdunhw1 Wkhuh

duh glplqlvklqj uhwxuqv wr oderxu�vr oderxu ghpdqg vorshv grzqzdugv�dqg dgglwlrqdo fdslwdo

errvwv oderxu ghpdqg1 Wkh oderxu vxsso| fxuyh iroorzv iurp wkh rswlpdo ohlvxuh0frqvxpswlrq

fkrlfh +W519,1 Lw vorshv xszdugv ehfdxvh +W519, lq h�hfw lvrodwhv wkh sxuh vxevwlwxwlrq h�hfw

ri oderxu vxsso|145

45Qrupdoo|/ lq vwdwlf prghov ri oderxu vxsso|/ wkh lqfrph dqg vxevwlwxwlrq h�hfwv zrun lq rssrvlwh gluhfwlrqv
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Iljxuh 7= Idfwru pdunhwv

Ohw xv qrz xvh Iljxuh 7 wr ghgxfh wkh vljqv ri u� dqg ug 1 Fhwhulv sdulexv wkh fdslwdo

vwrfn/ dq lqfuhdvh lq frqvxpswlrq vkliwv oderxu vxsso| wr wkh ohiw vr wkdw wkh zdjh ulvhv dqg

hpsor|phqw idoov1 Wkh uhgxfwlrq lq hpsor|phqw vkliwv wkh ghpdqg iru fdslwdo wr wkh ohiw vr

wkdw�iru d jlyhq lqhodvwlf vxsso| ri fdslwdo�wkh uhdo lqwhuhvw udwh pxvw idoo wr htxloleudwh wkh

uhqwdo pdunhw iru fdslwdo/ l1h1 u� ? 31 Wkh wkrxjkw h{shulphqw frpsduhv srlqwv Hf dqg D lq

erwk sdqhov1

Dq lqfuhdvh lq fdslwdo vxsso|�fhwhulv sdulexv frqvxpswlrq�kdv d gluhfw h�hfw zklfk sxvkhv

wkh lqwhuhvw udwh grzq +d pryhphqw dorqj wkh lqlwldo fdslwdo ghpdqg vfkhgxoh/ N(+u>Of, iurp

Hf wr E�, dqg dq lqgxfhg h�hfw rshudwlqj yld wkh oderxu pdunhw1 Wkh errvw lq N vkliwv wkh

oderxu ghpdqg fxuyh wr wkh uljkw/ ohdglqj wr dq lqfuhdvh lq zdjhv dqg hpsor|phqw dqg wkxv�

lq wkh ohiw0kdqg sdqho�dq rxwzdug vkliw lq wkh fdslwdo ghpdqg fxuyh1 Dowkrxjk wklv lqgxfhg

h�hfw sxvkhv wkh lqwhuhvw udwh xs vrphzkdw/ wkh gluhfw h�hfw grplqdwhv dqg ug ? 3146 Wkh

frpsdulvrq lv ehwzhhq srlqwv Hf dqg E lq wkh wzr sdqhov ri Iljxuh 71

Zh fdq qrz vwxg| wkh g|qdplfdo irufhv dfwlqj rq djjuhjdwh frqvxpswlrq dorqj wkh wzr

eudqfkhv ri wkh FIH�wB fxuyh1 Iluvw frqvlghu d srlqw rq wkh orzhu eudqfk ri wklv fxuyh iru

zklfk O � 41 Kroglqj fdslwdo frqvwdqw/ dq lqfuhdvh lq djjuhjdwh frqvxpswlrq ohdgv wr d vpdoo

wkxv uhqghulqj wkh vorsh ri wkh oderxu vxsso| fxuyh dpeljxrxv1 Khuh zh gr qrw kdyh wklv �sureohp� ehfdxvh

wkh lqfrph h�hfw lv lqfrusrudwhg lq �1 Whfkqlfdoo| vshdnlqj/ +W519, lv d vr0fdoohg Iulvfk ghpdqg iru ohlvxuh1

Vhh dovr Mxgg +4<;:e,1
46Wklv iroorzv gluhfwo| iurp wkh idfwru sulfh iurqwlhu +W51;,1 Wkh errvw lq wkh zdjh lv dvvrfldwhg zlwk d

kljkhu fdslwdo oderxu udwlr dqg wkxv uhodwlyho| pruh dexqgdqw fdslwdo1 Wklv wudqvodwhv lwvhoi lqwr d orzhu uhwxuq

wr fdslwdo1
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ghfuhdvh lq oderxu vxsso|47 dqg wkxv d vpdoo ghfuhdvh lq wkh lqwhuhvw udwh1 Dw wkh vdph wlph/

krzhyhu/ wkh fdslwdo0frqvxpswlrq udwlr idoov vr wkdw djjuhjdwh frqvxpswlrq jurzwk lqfuhdvhv/

l1h1 bF@F A 3 iru srlqwv deryh wkh orzhu eudqfk ri FIH�wB=

bF

F�~}�
�

@ u+F>N,� ~} �
�

� ��
�
���+�. �,

4 . w�

��
N

F

�
� ~} �
��

= +orzhu eudqfk,

Qrz frqvlghu d srlqw rq wkh xsshu eudqfk ri wkh FIH�wB fxuyh iru zklfk O � 31 Fhwhulv

sdulexv N/ d jlyhq lqfuhdvh lq F kdv d vwurqj qhjdwlyh h�hfw rq oderxu vxsso| dqg wkxv

fdxvhv d odujh uhgxfwlrq lq wkh lqwhuhvw udwh zklfk r�vhwv wkh h�hfw rshudwlqj yld wkh fdslwdo0

frqvxpswlrq udwlr/ l1h1 bF@F ? 3 iru srlqwv deryh wkh xsshu eudqfk ri FIH�wB=

bF

F�~}�
�

@ u+F>N,� ~} �
��

� ��
�
���+�. �,

4 . w�

��
N

F

�
� ~} �

�

= +xsshu eudqfk,

Wkhvh g|qdplf h�hfwv kdyh ehhq looxvwudwhg zlwk yhuwlfdo duurzv lq Iljxuh 71 Lw iroorzv iurp

wkh frq�jxudwlrq ri duurzv wkdw wkh xqltxh htxloleulxp Hf lv vdggoh0srlqw vwdeoh1

616 Uhodwlqj wkh qrq0olqhdu prgho wr wkh olqhdul}hg prgho

Lq wkh suhylrxv vxevhfwlrq zh kdyh ghprqvwudwhg e| judsklfdo2dqdo|wlfdo phdqv wkdw wkh

prgho ihdwxuhv d xqltxh vdggoh0srlqw vwdeoh vwhdg|0vwdwh htxloleulxp1 Wkh sureohp zlwk

wkh prgho ri Wdeoh 5 lv�ri frxuvh�lwv qrqolqhdulw|1 Wklv surshuw| ri wkh prgho pdnhv lw

lpsrvvleoh wr ghulyh dqdo|wlfdo uhvxowv iru wkh yduldeohv ri lqwhuhvw1 Lq rughu wr eh deoh wr

frqgxfw frpsdudwlyh0g|qdplf h{huflvhv zlwk wkh prgho/ lw pxvw vrphkrz eh irufhg lqwr wkh

+olqhdu, iudphzrun vwxglhg lq vhfwlrq 5/ l1h1 lw pxvw eh orjolqhdul}hg148 Wkh orjolqhdul}hg

prgho fdq wkhq eh vroyhg dqdo|wlfdoo| dowkrxjk wkh vroxwlrqv duh/ ri frxuvh/ rqo| ydolg iru

vpdoo +lqghhg/ �lq�qlwhvlpdo�, vkrfnv149

Zklovw orjolqhdul}dwlrq lv d �qhfhvvdu| hylo�/ lw lv riwhq yhu| xvhixo wr dvvxph wkdw wkh

hfrqrp| lv lqlwldoo| lq wkh vwhdg| vwdwh1 Wkrxjk wklv dvvxpswlrq lv qrw qhfhvvdu|/ lw grhv ohdg
47Qrwh wkdw zh fdq xvh +W519, wr ghulyh

_u

u
'

�
�3 u

u

��
_`

`
3 _�

�

�
�

Khqfh/ iru u E � +u E f, wkh oderxu vxsso| fxuyh lq Iljxuh 7 lv yhu| vwhhs +yhu|  dw, dqg d jlyhq fkdqjh lq

frqvxpswlrq vkliwv wkh fxuyh e| d olwwoh +d orw,1 Wklv h{sodlqv zk| wkh sdudphwhu /uu  E� 3 u�*u sod|v d

ylwdo uroh lq wkh dqdo|vlv ri wkh orjolqhdul}hg prgho lq wkh qh{w vhfwlrq1
48Qrwh wkdw wkh vdph qhhg iru +orj, olqhdul}dwlrq dovr h{lvwv lq qrqolqhdu vwdwlf prghov> lw lv qrw d frpsolfdwlrq

wkdw lv vshfl�f wr g|qdplf prghov1
49Vlpxodwlrq vwxglhv uhyhdo wkdw wkh huuruv gxh wr olqhdul}dwlrq duh riwhq qrw yhu| odujh hyhq zkhq wkh vkrfnv

duh vxevwdqwldo +Phlmgdp dqg Yhukrhyhq/ 4<<7,1 Iljxuh 5 vkrzv zk| wklv lv olnho| wr eh wkh fdvh lq wkh UD

yhuvlrq ri wkh prgho1 Lq wkdw yhuvlrq wkh FIH olqh lv olqhdu dqg wkh FVH fxuyh lv orj0olqhdu1 Wkh ROJ yhuvlrq

ri wkh prgho lv �pruh qrqolqhdu� dqg lv frqmhfwxuhg wr ihdwxuh juhdwhu olqhdul}dwlrq huuruv1
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wr pruh fohdufxw uhvxowv ehfdxvh doo wudqvlwlrqdo g|qdplfv fdq eh dwwulexwhg wr wkh sduwlfxodu

vkrfn lq wkdw fdvh1 Lq frqwudvw/ li wkh hfrqrp| vwduwv rxwvlgh wkh vwhdg| vwdwh/ wudqvlwlrqdo

g|qdplfv zloo eh gxh wr erwk wkh vkrfn dqg wr wkh +qrq0htxloleulxp, lqlwldo frqglwlrqv1

E| orjolqhdul}lqj wkh prgho durxqg wkh lqlwldo vwhdg| vwdwh/ wkh h{suhvvlrqv lq Wdeoh 6 duh

rewdlqhg1 Zh xvh wkh iroorzlqj qrwdwlrqdo frqyhqwlrqv1 D ghyldwlrq ri d yduldeoh uhodwlyh wr

wkh lqlwldo vwhdg| vwdwh lv ghqrwhg e| d wlogh +c�*,/ l1h1 �{+w, � g{+w,@{ iru { 5 iN>F> \> O>Z> uj1
Iru wkh �vfdo yduldeohv zh dgrsw d voljkwo| gl�huhqw qrwdwlrq e| xvlqj �w�+w, � gw�+w,@+4�w�,/ iru

l 5 iN>Oj/ �w�+w, � gw�+w,@+4 . w�,/ dqg �W +w, � gW +w,@\ 14: Iru wkh wlph udwh ri fkdqjh ri d

yduldeoh zh xvh d wlogh dqg d grw= l1h1 b�{+w, � g b{+w,@{ @ b{+w,@{ iru { 5 iN>Fj/ vlqfh b{+3, @ 3

lq wkh lqlwldo vwhdg| vwdwh1 Ilqdoo|/ iru wkh frqvxpswlrq wd{ zh kdyh b�w�+w, � g bw�+w,@+4 . w�,1

Wkh g|qdplf sduw ri wkh prgho frqvlvwv ri htxdwlrqv +W614,0+W615, dqg wkh vwdwlf sduw

ri +W616,0+W61;,1 E| xvlqj oderxu ghpdqg +W617,/ oderxu vxsso| +W619, dqg wkh djjuhjdwh

surgxfwlrq ixqfwlrq +W61:,/ zh rewdlq d xvhixo ctxdvl0uhgxfhg irup* h{suhvvlrq iru djjuhjdwh

rxwsxw=

�\ +w, @ !+4� �u, �N+w,� +!� 4,
k
�F+w, . �wu+w, . �w�+w,

l
> +83,

zkhuh ! lv d fuxfldo sdudphwhu uhsuhvhqwlqj wkh oderxu vxsso| h�hfw=

4 � ! � 4 . $uu
4 . $uu+4� �u,

� 4

4� �u
= +84,

E| xvlqj +83, dqg +W618, lq +W614,0+W615,/ zh rewdlq wkh g|qdplfdo v|vwhp iru �N+w, dqg �F+w,

lq wkh uhtxluhg irupdw=%
b�N+w,
b�F+w,

&
@ �

%
�N+w,
�F+w,

&
.

%
jg+w,

j�+w,

&
> +85,

zkhuh wkh Mdfreldq pdwul{/ �/ dqg wkh vkrfn whupv/ jg+w, dqg j�+w,/ duh jlyhq e|=

� �
%

o�
�3|g

� o�
E�3|g�E�3"u�

�+u � �,� u ^4� !+4� �u,` +u � �,� u+!� 4,

&
> +86,

%
jg+w,

j�+w,

&
�

%
3oE�3��

E�3|g�E�3"u�

�
�wu+w, . �w�+w,

�
>

�u+!� 4,
�
�wu+w, . �w�+w,

�
. +u� �,�w�+w,� u�wg+w,� b�w�+w,

&
= +87,

Diwhu vrph pdqlsxodwlrq zh rewdlq wkh iroorzlqj h{suhvvlrq iru wkh ghwhuplqdqw ri wkh

Mdfreldq pdwul{=

m�m � ���2 @ � u!�u ^5u � �`

+4� wg,+4� �u,
? 3> +88,

zkhuh �� dqg �2 duh wkh fkdudfwhulvwlf urrwv1 Wklv frq�upv wkdw wkh vwhdg|0vwdwh htxloleulxp

+Hf lq Iljxuhv 5 dqg 6, lv vdggoh0srlqw vwdeoh1 Lq wkh UD yhuvlrq ri wkh prgho wkh vwhdg| vwdwh

lqwhuhvw udwh htxdov wkh udwh ri wlph suhihuhqfh/ u @ �/ zklovw lq wkh ROJ yhuvlrq jhqhudwlrqdo

wxuqryhu hqvxuhv wkdw u A �1 Lq hlwkhu fdvh m�m ? 3 vr wkdw wkhuh lv rqh vwdeoh +�� ? 3, dqg

rqh xqvwdeoh fkdudfwhulvwlf urrw +�2 A 3,1
4:Wkh dgydqwdjh ri wklv dssurdfk lv wkdw wkh h{suhvvlrqv duh zhoo gh�qhg hyhq li wkh yduldeoh lv }hur lqlwldoo|1
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Wdeoh 6= Wkh orj0olqhdulvhg prghoW

b�N+w, @

�
u

+4� wN,+4� �O,

�k
�\ +w,� �F+w,

l
+W614,

b�F+w, @ +u � �,
k
�F+w, . �wF+w,� �N+w,

l
. u�u+w,� b�wF+w, +W615,

�W +w, @ +4 . wF,

�
�wF+w, .

�
wF

4 . wF

�
�F+w,

�
. �O+4� wO,

�
�wO+w, .

�
wO

4� wO

�
�\ +w,

�

. +4� �O,+4� wN,

�
�wN+w, .

�
wN

4� wN

�
�\ +w,

�
+W616,

�\ +w,� �O+w, @ �Z +w, +W617,
�\ +w,� �N+w, @ �wN+w, . �u+w, +W618,

�O+w, @ $OO

k
�Z +w,� �wO+w,� �F+w,� �wF+w,

l
+W619,

�\ +w, @ �O �O+w, . +4� �O, �N+w, +W61:,

3 @ �O �Z +w, . +4� �O,^�u+w, . �wN+w,` +W61;,

Lqlwldo vkduhv dqg sdudphwhuv=

�u � ZO@\ Vkduh ri ehiruh0wd{ zdjh lqfrph lq uhdo qhw rxwsxw1
$uu � +4� O,@O Udwlr ri ohlvxuh wr oderxu1
� Sxuh udwh ri wlph suhihuhqfh
� Suredelolw| ri ghdwk

� Wkh iroorzlqj qrwdwlrqdo frqyhqwlrqv duh dgrswhg1 D ghyldwlrq ri d yduldeoh uhodwlyh wr wkh
lqlwldo vwhdg| vwdwh lv ghqrwhg e| d wlogh +c�*,/ h1j1 �N+w, � gN+w,@N1 Iru wkh �vfdo yduldeohv
wloghv duh gh�qhg dv iroorzv= �w�+w, � gw�+w,@+4� w�,/ iru l @ N>O/ �w�+w, � gw�+w,@+4 . w�, dqg
�W +w, � gW +w,@\ 1 Iru wkh wlph udwh ri fkdqjh ri d yduldeoh zh xvh d wlogh dqg d grw= b�N+w, �
g bN+w,@N @ bN+w,@N/ vlqfh bN+3, @ 3 lq wkh lqlwldo vwhdg| vwdwh/ h{fhsw b�w�+w, � g bw�+w,@+4.w�,1
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Iljxuh 8= Fdslwdo wd{dwlrq lq wkh ROJ prgho

617 H{dpsoh ri d wd{ vkrfn

Zh duh qrz lq d srvlwlrq wr vwxg| wkh frpsdudwlyh g|qdplf h�hfwv ri wd{ vkrfnv rq wkh

pdfurhfrqrplf yduldeohv1 Zh dvvxph wkdw wkh vkrfn lv xqdqwlflsdwhg dqg shupdqhqw dqg

uhvwulfw dwwhqwlrq wr dq lqfuhdvh lq wkh fdslwdo wd{1 Wkh wlph dw zklfk wkh vkrfn rffxuv lv

qrupdol}hg wr }hur vr wkh vfhqdulr vwxglhg khuh dprxqwv wr vhwwlqj �wu+w, @ �w�+w, @
b�w�+w, @ 3

dqg �wg+w, @ �wg A 3 +doo iru w � 3, lq +87,1 E| xvlqj +5:, dqg +87, dqg pdnlqj wkh reylrxv

vxevwlwxwlrqv zh rewdlq wkh lpsdfw h�hfw rq frqvxpswlrq=

�F+3, @ �Oij� > �2j �
�
�2 � �22

��2

�k
�N+3, .Oijg > �2j

l
@

u�wg
�2

A 3> +89,

zkhuh zh kdyh xvhg wkh idfw wkdw fdslwdo lv suhghwhuplqhg + �N+3, @ 3, dqg qrwh wkdw wkh

fdslwdo wd{ grhv qrw d�hfw wkh srvlwlrq ri wkh FVH fxuyh +uhfdoo wkdw hpsor|phqw lv frqvwdqw

dqg lqghshqghqw ri wg dorqj wkh FVH fxuyh�vhh htxdwlrq +67, deryh,1

Wkh h�hfw ri wkh vkrfn fdq eh looxvwudwhg zlwk Iljxuh 8 zklfk lv wkh +orfdoo|, orjolqhdul}hg

yhuvlrq ri Iljxuh 6 dqg dvvxphv wkdw wkh oderxu vxsso| h�hfw lv uhodwlyho| zhdn lq wkh lqlwldo

vwhdg| vwdwh vr wkdw wkh lqlwldo htxloleulxp rffxuv rq wkh xszdug vorslqj vhfwlrq ri FIH�wB1

Wkh wd{ vkrfn vkliwv wkh FIH fxuyh wr wkh ohiw1 Wkh lqfuhdvh lq wkh fdslwdo wd{ ohdgv dw lpsdfw

wr d idoo lq wkh ghpdqg iru fdslwdo dqg d uhgxfwlrq lq wkh lqwhuhvw udwh1 Wklv pdnhv fxuuhqw

frqvxpswlrq pruh dwwudfwlyh frpsduhg wr ixwxuh frqvxpswlrq vr wkdw frqvxpswlrq ulvhv rq

lpsdfw1 Jlyhq wkdw fdslwdo lv suhghwhuplqhg dw lpsdfw wkh h�hfwv rq doo rwkhu yduldeohv duh
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gluhfwo| uhodwhg wr wkh h{rjhqrxv vkrfn +�wg, dqg wkh lqgxfhg lpsdfw h�hfw rq frqvxpswlrq

+ �F+3,,=

�
�

�u
4� �u

�
�Z +3, @ �u �O+3, @ �\ +3, @ �

�
u+!� 4,

�2

�
�wg ? 3> +8:,

�u+3, @ �
�
�2 . u+!� 4,

�2

�
�wg ? 3= +8;,

Lq srlqw D/ wkh vlpxowdqhrxv lqfuhdvh lq frqvxpswlrq dqg ghfuhdvh lq rxwsxw furzgv rxw qhw

lqyhvwphqw vr wkdw wkh fdslwdo vwrfn idoov ryhu wlph + b�N+3, @ 3,1 Wkh hfrqrp| judgxdoo| pryhv

dorqj wkh vdggoh sdwk iurp srlqw D wr H� dqg erwk fdslwdo dqg frqvxpswlrq idoo=%
�N+w,
�F+w,

&
@

%
3

�F+3,

&
hb�| .

%
N+4,
�F+4,

&�
4� hb�|

�
> +8<,

zkhuh �N+4, dqg �F+4, duh jlyhq e|=

�N+4, @ +4� �u,
3� �F+4, @ �

�
u

�u ^5u � �`

�
�wg ? 3= +93,

Lq wkh orqj uxq frqvxpswlrq htxdov rxwsxw + �F+4, @ �\ +4,, dqg hpsor|phqw lv frqvwdqw

+�O+4, @ 3,1 Iurp wkh oderxu ghpdqg htxdwlrq zh ghgxfh wkdw �Z +4, @ �\ +4, dqg e|

xvlqj +93, dqg +W618, zh rewdlq wkh orqj0uxq h�hfw rq wkh lqwhuhvw udwh=

�u+4, @ �
�

u � �

5u � �

�
�wg ? 3= +94,

Zlwk ryhuodsslqj jhqhudwlrqv +� A 3 vr wkdw u A �, wkh diwhu0wd{ uhwxuq rq fdslwdo uhpdlqv

ehorz lwv lqlwldo vwhdg|0vwdwh htxloleulxp ydoxh vr wkdw fdslwdo ehduv sduw ri wkh lqflghqfh ri

wkh wd{1 Lq vwdun frqwudvw/ lq wkh devhqfh ri ryhuodsslqj jhqhudwlrqv +� @ 3 vr wkdw u @ �,

ru lq d vpdoo rshq hfrqrp| fdslwdo hvfdshv wkh hqwluh orqj0uxq exughq ri fdslwdo wd{dwlrq1

Lq wkh iruphu fdvh wkh orqj0uxq diwhu0wd{ lqwhuhvw udwh lv �{hg e| wkh h{rjhqrxv udwh ri wlph

suhihuhqfh +Mxgg +4<;8,> Fkdpoh| +4<;8,, zkhuhdv lq wkh odwwhu fdvh wkh zruog fdslwdo pdunhw

�{hv wkh diwhu0wd{ udwh ri uhwxuq vlqfh sk|vlfdo fdslwdo lv shuihfwo| preloh lqwhuqdwlrqdoo|1

618 Glvfxvvlrq

Wkh h{dpsoh ri wklv vhfwlrq lv phdqw wr ghprqvwudwh wkh hdvh zlwk zklfk frpsdudwlyh g|qdplf

h�hfwv fdq eh ghgxfhg e| xvlqj uhodwlyho| vlpsoh Odsodfh wudqvirup whfkqltxhv1 Zh irfxvhg

rxu glvfxvvlrq rq wkh fdslwdo wd{ exw wkh dqdo|vhv ri Khlmgud +4<<<,/ dqg Khlmgud dqg Oljwkduw

+5333, vkrz wkdw wkh phwkrgv duh htxdoo| ydoxdeoh wr vwxg| rwkhu�pruh frpsolfdwhg��vfdo

srolf| h{shulphqwv1

Lq wkh qh{w vhfwlrq zh vkrz |hw dqrwkhu dgydqwdjh ri wkh Odsodfh wudqvirup whfkqltxhv1

Dv zdv �uvw ghprqvwudwhg e| Mxgg +4<;5,/ wkhvh whfkqltxhv duh lghdoo| vxlwhg wr hydoxdwh

zhoiduh h�hfwv lq g|qdplf pdfur prghov h{klelwlqj shuihfw iruhvljkw1 Wkh uhdvrq lv wkdw wkh|
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pdnh lw txlwh ihdvleoh wr wdnh dffrxqw ri dq| wudqvlwlrqdo g|qdplfv wkdw pd| h{lvw lq vxfk

prghov1 Wklv lv lq d vhqvh qrw wkdw vxusulvlqj lq ylhz ri wkh idfw wkdw wkh srsxodu dgglwlyho|

vhsdudeoh xwlolw| ixqfwlrq ri dq lq�qlwho|0olyhg djhqw lv lwvhoi d Odsodfh wudqvirup1

7 Zhoiduh hydoxdwlrq

Lq prvw pdfur prghov wkh xwlolw| ohyho hqmr|hg e| dq djhqw ghshqgv rq wkh glvfrxqwhg lqwhjudo

ri suhvhqw dqg ixwxuh  rzv ri iholflw|1 Lq d uhsuhvhqwdwlyh0djhqw +UD, prgho zlwk h{rjhqrxv

oderxu vxsso|/ iru h{dpsoh/ olih0wlph xwlolw| dv ri wlph w @ 3 +wkh wlph ri wkh vkrfn, wdnhv wkh

irup=

X+3, @

] "

f
orjF+�,h3k�g�> +95,

zkhuh X+3, lv olih0wlph xwlolw|/ � lv wkh udwh ri wlph suhihuhqfh/ dqg F+�, lv frqvxpswlrq14;

Wkh �uvw wklqj wr qrwh lv�ri frxuvh�wkdw X+3, @ OiorjF>�j/ l1h1 olihwlph xwlolw| lv wkh Odsodfh
wudqvirup ri iholflw| +orjF+�,, hydoxdwhg dw v @ �1

Wkh dlp ri wklv vhfwlrq lv wr vhh zkhwkhu zh fdq h{sorlw wkh qdwxudo olqn wkdw vhhpv wr

h{lvw ehwzhhq olihwlph xwlolw| rq wkh rqh kdqg dqg wkh Odsodfh wudqvirup ri rqh ru pruh pdfur

yduldeohv rq wkh rwkhu kdqg1 Zh �uvw hvwdeolvk wkh olqn iru wkh UD prgho/ zkhuh lw wxuqv rxw

wr eh yhu| gluhfw lqghhg1 Zh vxevhtxhqwo| wxuq wr wkh voljkwo| pruh fkdoohqjlqj fdvh ri wkh

ryhuodsslqj0jhqhudwlrqv +ROJ, prgho1

714 Zhoiduh h�hfwv lq wkh UD prgho

Zkdw kdsshqv wr X+3, li d vkrfn rffxuv +dw wlph w @ 3, zklfk vhwv lq prwlrq wudqvlwlrqdo

g|qdplfv lq rqh ru pruh ri wkh pdfur yduldeohvB Rqh udwkhu xqvdwlvidfwru| vroxwlrq zrxog

eh wr mxvw ljqruh wkh wudqvlwlrqdo g|qdplfv e| phuho| orrnlqj dw zkdw kdsshqv lq wkh vwhdg|

vwdwh1 Lpsolflwo| zh zrxog eh dvvxplqj wkdw F mxpsv lpphgldwho| wr lwv qhz vwhdg|0vwdwh

ydoxh +gF+�, @ gF+4, iru doo � � 3, vr wkdw zhoiduh zrxog eh ghhphg wr kdyh fkdqjhg e|=

gX+3, @

] "

f
g orjF+�,h3k�g� @

] "

f

gF+�,

F+�,
h3k�g�

� gF+4,

F

] "

f
h3k�g� @

�F+4,

�
> +96,

zkhuh wkh wlogh +���, qrwdwlrq lv h{sodlqhg dw wkh erwwrp ri Wdeoh 61 Qrw vxusulvlqjo|/ wklv

surfhgxuh dprxqwv wr dwwulexwlqj wkh shushwxlw| iholflw| ydoxh ri wkh vkrfn wr olihwlph zhoiduh1

Exw iurp rxu hduolhu glvfxvvlrq lq vhfwlrq 6 zh nqrz wkdw wudqvlwlrq wr wkh xowlpdwh vwhdg|

vwdwh wdnhv wlph +vhh +8<,, vr wkdw wkh dssurdfk ohdglqj wr +96, fdqqrw eh fruuhfw 1

4;Wr nhhs wklqjv dv vlpsoh dv srvvleoh zh vlpsoli| wkh Khlmgud0Oljwkduw +5333, prgho e| dvvxplqj h{rjhqrxv

oderxu vxsso| +"� ' � vr wkdw uE� � ' �,1 Wkh uhvxowlqj prgho h{whqgv wkh rqh e| Eryhqehuj dqg Khlmgud

+4<<;, e| dovr lqfoxglqj wd{hv rq frqvxpswlrq dqg oderxu1
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Iruwxqdwho|/ qrz wkdw zh nqrz wkh Odsodfh wudqvirup/ d pruh vdwlvidfwru| vroxwlrq lv hdv|

wr �qg1 E| wrwdoo| gl�huhqwldwlqj +95, zh rewdlq=

gX+3, @

] "

f
g orjF+�,h3k�g� @

] "

f

gF+�,

F+�,
h3k�g�

�
] "

f

gF+�,

F
h3k�g� @

] "

f

�F+�,h3k�g�

� Oi �F>�j= +97,

Khqfh/ wkh fkdqjh lq olihwlph xwlolw| +gxh wr wkh vkrfn, lv vlpso| wkh Odsodfh wudqvirup ri wkh

lqgxfhg fkdqjhv lq frqvxpswlrq1 Iru wkh fdslwdo wd{ wkh wudqvlwlrq sdwk iru �F+w, lv jlyhq lq

+8<, vr wkdw gX+3, fdq eh zulwwhq dv=

�gX+3, @

�
�

�. �

�
�F+3, .

�
�

�. �

�
�F+4,> +98,

zkhuh � � ��� A 3 lv wkh devroxwh ydoxh ri wkh vwdeoh fkdudfwhulvwlf urrw dqg �F+3, dqg �F+4,

duh jlyhq lq/ uhvshfwlyho|/ htxdwlrqv +89, dqg +93,1 Htxdwlrq +98, vd|v wkdw wkh  rz ydoxh ri

olihwlph xwlolw| +wkh uljkw0kdqg vlgh, htxdov wkh zhljkwhg dyhudjh ri wkh lqlwldo dqg xowlpdwh

h�hfw rq frqvxpswlrq ri wkh vkrfn14< Li wudqvlwlrq zrxog eh lqvwdqwdqhrxv +� $ 4, ru li

wkhuh zhuh qr wudqvlwlrq + �F+3, @ �F+4,, wkhq wkh uhvxowv lq +96, dqg +98, zrxog frlqflgh exw

iru dq| rwkhu fdvh +98, lv wkh uhohydqw h{suhvvlrq iru hydoxdwlqj zhoiduh dorqj wkh wudqvlwlrq

sdwk1

E| vxevwlwxwlqj +89, dqg +93, lq +98, dqg vlpsoli|lqj zh rewdlq wkh iroorzlqj dowhuqdwlyh

h{suhvvlrq iru gX+3,=53

�gX+3, @

�
�

�. �

�
��wg
�2

�
�

�

�. �

��
4� �u
�u

�
��wg
�

@

�
�

�. �

��
�

�2
� �

+4� wg,�2

�
�wg

@ �
�

�

�. �

��
�

�2

��
wg

4� wg

�
�wg /

gX+3, @ �
�

�wg
+�. �,^�. �+4� wg,`

�
�wg = +99,

Htxdwlrq +99, vkrzv wkh zhoo0nqrzq uhvxow wkdw/ lq wkh devhqfh ri rwkhu glvwruwlrqv/ wkh

pdujlqdo h!flhqf| frvw ri fdslwdo wd{dwlrq lv srvlwlyh li wg A 3 exw vhfrqg0rughu vpdoo li

wg @ 3 lqlwldoo| ^Zkdw kdsshqv li fdslwdo lv vxevlgl}hg lqlwldoo| +wg ? 3,B`1
4<Qrwh wkdw wkh irup ri wkh vkrfn lwvhoi ghwhuplqhv nt ��c k� dqg wkxv wkh irup ri +98,1 Iru dq dqwlflsdwhg

vkrfn lq wkh fdslwdo wd{/ iru h{dpsoh/ iruzdug orrnlqj djhqwv zrxog dxjphqw wkhlu ehkdylrxu/ wkh wudqvlwlrq

sdwk iru �E|� zrxog frqwdlq dgglwlrqdo whupv/ dqg +98, zrxog eh pruh frpsolfdwhg1
53 Lq wkh �uvw vwhs zh qrwh wkdw iru wkh UD prgho o ' k/ lq wkh vhfrqg dqg irxuwk vwhsv zh xvh/ uhvshfwlyho|/

wkh ghwhuplqdqw dqg wudfh uhvxowv jlyhq lq +4:,=

>b2 '
k2"u

E�3 |g�E�3 "u�
c b2 ' >n

k

�3 |g
�

5;



715 Zhoiduh lq wkh ROJ prgho

Pdwwhuv duh d olwwoh pruh frpsolfdwhg lq wkh ROJ yhuvlrq ri wkh prgho ehfdxvh zh pxvw

uhfrjql}h wkh idfw wkdw fxuuhqw dqg ixwxuh jhqhudwlrqv h{shulhqfh gl�huhqw zhoiduh h�hfwv dv

d uhvxow ri wkh vkrfn1 H{lvwlqj jhqhudwlrqv dw wkh wlph ri wkh vkrfn duh gl�huhqw iurp hdfk

rwkhu ehfdxvh wkh| gl�hu lq djh dqg wkxv lq wkhlu kroglqjv ri �qdqfldo dvvhwv dqg frqvxpswlrq

sdwwhuq1 Ixwxuh jhqhudwlrqv duh gl�huhqw iurp hdfk rwkhu ehfdxvh wkh| kdyh gl�huhqw eluwk

gdwhv1

Uhpdlqlqj olihwlph xwlolw| iru d uhsuhvhqwdwlyh djhqw eruq dw wlph y � w lv ghqrwhg e|

X+y> w,=

X+y> w, �
] "

|
orjF+y> �,hEknq�E|3��g�> +9:,

zkhuh F+y> �, lv frqvxpswlrq dw wlph � e| dq djhqw ri jhqhudwlrq y dqg � lv wkh frqvwdqw

lqvwdqwdqhrxv suredelolw| ri ghdwk ri wkh djhqw +vhh Eryhqehuj dqg Khlmgud +4<<;e, iru gh0

wdlov,1 Vlqfh wkh wlph ri wkh vkrfn lv qrupdol}hg wr w @ 3/ wkh remhfwlyh ri wklv vhfwlrq lv

wr ghwhuplqh gX+y> 3, iru h{lvwlqj jhqhudwlrqv +zkr kdyh d qrq0srvlwlyh jhqhudwlrqv lqgh{/

y � 3, dqg gX+w> w, iru ixwxuh jhqhudwlrqv +zkr zloo eh eruq dw wlph w A 3 dqg zkrvh zhoiduh

lv hydoxdwhg dw eluwk,1

Ehiruh vwxg|lqj wkhvh wzr fdvhv zh fdq vlpsoli| +9:, vrphzkdw e| qrwlqj wkdw doo djhqwv

zloo fkrrvh frqvxpswlrq sur�ohv vdwlvi|lqj wkh Hxohu htxdwlrq/ bF+y> �,@F +y> �, @ u+�, � �/

ru=

F+y> �, @ F+y> w,h
U �
|
EoEj�3k�_j> � � w= +9;,

E| xvlqj +9;, lq +9:, zh rewdlq

X+y> w, @

] "

|

�
orjF+y> w, .

] �

|
+u+�,� �,g�

�
hEknq�E|3��g�>

@
orjF+y> w,

�. �
.�+w,> +9<,

zkhuh �+w, lv gh�qhg dv=54

�+w, �
] "

|

�] �

|
^u+�,� �`g�

�
hEknq�E|3��g�

@

] "

|
^u+�,� �`

�] "

j
hEknq�E|3��g�

�
g�

@

] "

|

�
u+�,� �

�. �

�
hEknq�E|3j�g�= +:3,

54 Lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh zh fkdqjh wkh rughu ri lqwhjudwlrq�vhh Vslhjho +4<:7/ ss1 4;304;4,1
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E| wrwdoo| gl�huhqwldwlqj +9<, dqg +:3, zh rewdlq wkh ixqgdphqwdo h{suhvvlrqv iru lqwhujhq0

hudwlrqdo zhoiduh dqdo|vlv=

gX+y> w, @
�F+y> w,

�. �
. g�+w,> +:4,

g�+w, @

�
u

�. �

�] "

|
�u+�,h3Ej3|�Eknq�g�= +:5,

71514 H{lvwlqj jhqhudwlrqv +y � 3,

Iru h{lvwlqj jhqhudwlrqv +:4, dqg +:5, fdq eh frpelqhg wr=

+�. �,gX+y> 3, @ �F+y> 3, . uOi�u> �. �j> +:6,

zkhuh wkh sdwk ri wkh lqwhuhvw udwh +dqg wkxv Oi�u> �. �j, kdv ehhq ghwhuplqhg lq vhfwlrq 6

deryh iru wkh fdslwdo wd{ vkrfn1 Lw uhpdlqv wr ghwhuplqh wkh jhqhudwlrq0vshfl�f frqvxpswlrq

h�hfw �F+y> 3,1 Zh �uvw qrwh wkdw/ iru wkh xwlolw| ixqfwlrq +9:,/ frqvxpswlrq lv sursruwlrqdo

wr wrwdo zhdowk iru doo djhqwv/ l1h1 F+y> 3, @ +�. �,^K+3, .D+y> 3,`/ zkhuh K+3, dqg D+y> 3,

duh/ uhvshfwlyho|/ kxpdq dqg �qdqfldo zhdowk155 Iurp wklv h{suhvvlrq zh qrwh wkdw=

�F+y> 3, � gF+y> 3,

F+y> 33,
@ $M+y,

�
gK+3,

K

�
. ^4� $M+y,`

�
gD+y> 3,

D+y> 33,

�
> +:7,

zkhuh $M+y, � K@^K.D+y> 33,` dqg F+y> 33,/ K/ dqg D+y> 33, duh lqlwldo vwhdg|0vwdwh ydoxhv

iru/ uhvshfwlyho|/ frqvxpswlrq/ kxpdq zhdowk dqg �qdqfldo zhdowk ri jhqhudwlrq y1

Lq wkh vhfrqg vwhs zh qrwh wkdw F+3, @ +�. �,^K+3, .D+3,` zklfk |lhogv=

�F+3, � gF+3,

F
@ $M

�
gK+3,

K

�
. +4� $M,

�
gD+3,

D

�
> +:8,

zkhuh $M � K@^K . D`1 Exw fdslwdo lv wkh rqo| dvvhw lq wklv hfrqrp| dqg erwk wkh vl}h

ri wkh fdslwdo vwrfn dqg lwv rzqhuvkls duh suhghwhuplqhg lq wkh lpsdfw shulrg +w @ 3,/ l1h1

gN+3, @ gD+3, @ 3 dqg gN+y> 3, @ gD+y> 3, @ 3/ vr wkdw +:7, dqg +:8, fdq eh frpelqhg wr

rewdlq dq lpsruwdqw lqwhuphgldwh uhvxow olqnlqj �F+y> 3, dqg �F+3,=

�F+y> 3, @

�
$M+y,

$M

�
�F+3,= +:9,

Wkh wklug dqg �qdo vwhs lv wr �jxuh rxw dq h{suhvvlrq iru $M+y, lq whupv ri sdudphwhuv ri wkh

prgho1 Khuh rxu dvvxpswlrq�wkdw wkh hfrqrp| lv lqlwldoo| lq wkh vwhdg| vwdwh +dqg kdv ehhq

wkhuh iru d orqj wlph,�frphv wr wkh uhvfxh1 Lqwxlwlyho|/ lq rughu wr zrun rxw wkh glvwulexwlrq

ri �qdqfldo dvvhwv ryhu wkh h{lvwlqj srsxodwlrq/ zh zrun edfnzdugv lq wlph wr doo h{lvwlqj

djhqwv* eluwkgdwhv dqg qrwh wkdw/ surylghg wkh v|vwhp kdv ehhq lq d vwhdg| vwdwh doo dorqj/
55Kxpdq zhdowk lv djh0lqghshqghqw ehfdxvh doo djhqwv duh htxdoo| surgxfwlyh zrunhuv +zdjhv duh djh0

lqghshqghqw, dqg wkh jryhuqphqw glylghv wkh uhyhqxh ri wkh wd{hv htxdoo| ryhu doo djhqwv +wudqvihuv duh djh0

lqghshqghqw,1
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F+y> 3, vdwlv�hv= F+y> 3, @ F+y> y,h3Eo3k��1 Uhfdoo wkdw doo jhqhudwlrqv vwduw rxw zlwkrxw dq|

�qdqfldo dvvhwv +D+y> y, @ 3 vr wkdw F+y> y, @ +�. �,K,1 Exw zh qrz kdyh wzr h{suhvvlrqv

iru F+y> 3,=

+�. �,Kh3Eo3k��� ~} �
�E�cf�

@ +�. �,^K .D+y> 33`� ~} �
�E�cf�

,

$M+y, � K

K .D+y> 33,
@ hEo3k��= +::,

Wkh �qdo h{suhvvlrq pdnhv lqwxlwlyh vhqvh1 Yhu| rog djhqwv kdyh ehhq durxqg iru d orqj

wlph douhdg| dqg wkxv srvvhvv d orw ri �qdqfldo dvvhwv1 Iru wkhp kxpdq zhdowk lv d wulyldo

frpsrqhqw ri wrwdo zhdowk/ l1h1 dv y $ �4 zh kdyh wkdw $M+y, $ 3 +vlqfh u A �,1 Lq

frqwudvw/ qhzeruq djhqwv dw wkh wlph ri wkh vkrfn kdyh qr �qdqfldo dvvhwv dqg wkxv uho| vroho|

rq kxpdq zhdowk/ l1h1 dv y $ 3 lw iroorzv wkdw $M+y, $ 41

E| frpelqlqj +:6,/ +:9,/ dqg +::, zh rewdlq wkh iroorzlqj h{suhvvlrq iru gX+y> 3,=

+�. �,gX+y> 3, @

#
hEo3k��

$M

$
�F+3, . uOi�u> �. �j= +:;,

Dq htxlydohqw�srwhqwldoo| pruh lqvljkwixo�h{suhvvlrq fdq eh ghulyhg iurp +:;,=

gX+y> 3, @ gX+3> 3,hEo3k�� . gX+�4> 3,
�
4� hEo3k��

�
> +:<,

l1h1 wkh h�hfw rq d jhqhudwlrq eruq y shulrgv djr lv wkh djh0zhljkwhg dyhudjh ri wkh h�hfw rq

d qhzeruq jhqhudwlrq dqg dq h{wuhpho| rog jhqhudwlrq1

71515 Ixwxuh jhqhudwlrqv +w A 3,

Iru ixwxuh jhqhudwlrqv lw lv prvw frqyhqlhqw wr hydoxdwh wkh Odsodfh wudqvirup ri wkh xwlolw|

fkdqjh1 Lq ylhz ri +:4, zh jhw=

OigX+w> w,> vj @
Oi �F+w> w,> vj

�. �
. Oig�+w,> vj= +;3,

Doo jhqhudwlrqv duh eruq zlwkrxw dq| �qdqfldo zhdowk vr frqvxpswlrq ri ixwxuh jhqhudwlrqv

dw eluwk lv jlyhq e| F+w> w, @ +�. �,K+w,/ ru=

�F+w> w, @ �K+w, +;4,

Lq wkh djjuhjdwh zh kdyh wkdw F+w, @ +� . �,^K+w, . D+w,` dqg D+w, @ N+w, zklfk fdq eh

frpelqhg dqg olqhdul}hg=

�F+w, @ $M �K+w, . +4� $M, �N+w,= +;5,
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E| frpelqlqj +;4, dqg +;5, zh fdq holplqdwh �K+w, dqg h{suhvv �F+w> w, lq whupv ri �F+w, dqg
�N+w, iru zklfk zh kdyh wkh vroxwlrqv=

�F+w> w, @
�F+w,� +4� $M, �N+w,

$M
= +;6,

Lw uhpdlqv wr �qg d frqyhqlhqw h{suhvvlrq iru Oig�+w,> vj1 Zh �uvw qrwh dqrwkhu xvhixo

surshuw| ri wkh Odsodfh wudqvirup/ qdpho| wkh hdvh zlwk zklfk lqwhjudov fdq eh hydoxdwhg1

Surshuw| ; Ohw i+w, eh gh�qhg dv iroorzv=

i+w, �
] "

|
j+�,h@E|3j�g�>

zlwk d A 3/ dqg dvvxph wkdw wkh lqwhjudo h{lvwv1 Wkhq Oii> vj lv jlyhq e|=

Oii> vj @

�Oij> dj � Oij> vj
v� d

�
= +S;,

Surri= Zh qrwh wkdw i+w, vdwlv�hv wkh gl�huhqwldo htxdwlrq bi+w, @ �j+w, . di+w, dqg wkdw

i+3, @ Oij> dj1 Wdnlqj wkh Odsodfh wudqvirup ri bi+w, |lhogv +v� d,Oii> vj @ i+3,�Oij> vj1
E| vxevwlwxwlqj i+3, @ Oij> dj dqg glylglqj e| +v� d, wkh uhtxluhg uhvxow lv rewdlqhg1 �

E| dsso|lqj surshuw| +S;, wr +:5, dqg vhwwlqj d @ �. � dqg j+�, @ �u+�, zh ghulyh wkh

h{suhvvlrq iru Oig�+w,> vj=

Oig�+w,> vj @

�
u

�. �

��Oi�u> �. �j � Oi�u> vj
v� +�. �,

�
= +;7,

E| xvlqj +;6, dqg +;7, lq +;3, zh rewdlq dq h{suhvvlrq iru wkh Odsodfh wudqvirup ri ixwxuh

jhqhudwlrqv* xwlolw| fkdqjh=

+�. �,OigX+w> w,> vj @

#
Oi �F> vj � +4� $M,Oi �N>vj

$M

$
. u

�Oi�u> �. �j � Oi�u> vj
v� +�. �,

�
=

+;8,

Wkh fuxfldo wklqj wr qrwh derxw +;8, lv wkdw OigX+w> w,> vj lv qrz h{suhvvhg lq whupv ri

+wudqvirupv ri, wkh nqrzq vroxwlrq sdwkv iru wkh pdfurhfrqrplf yduldeohv �F+w,/ �N+w,/ dqg

�u+w,1 E| soxjjlqj wkhvh sdwkv lqwr +;8, dqg lqyhuwlqj wkh uhvxowlqj Odsodfh wudqvirup/ zh

rewdlq wkh vroxwlrq sdwk iru gX+w> w,1 Iru wkh xqdqwlflsdwhg dqg shupdqhqw fdslwdo wd{ vkrfn

wkh vroxwlrq sdwk lv jlyhq lq +8<, dqg gX+w> w, fdq eh h{suhvvhg lq wkh iroorzlqj frqyhqlhqw

irupdw +frpsdudeoh wr +:<,,=

gX+w> w, @ gX+3> 3,h3>| . gX+4>4,
�
4� h3>|

�
> +;9,

zkhuh gX+3> 3, lv rewdlqhg iurp +:;, +e| vhwwlqj y @ 3, dqg gX+4>4,�wkh h�hfw ri wkh vkrfn

rq vwhdg|0vwdwh jhqhudwlrqv� lv rewdlqhg e| dsso|lqj wkh �qdo0ydoxh wkhruhp +S;, wr +;8,=

+�. �,gX+4>4, @ +�. �,olp
r<f

vOigX+w> w,> vj

@

%
�F+4,� +4� $M, �N+4,

$M

&
.

�
u

�. �

�
�u+4,= +;:,
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Htxdwlrq +;9, vkrzv wkdw +iru wklv sduwlfxodu vkrfn, wkh h�hfw ri wkh jhqhudwlrq eruq lq shulrg

w lv wkh zhljkwhg dyhudjh ri wkh h�hfwv rq qhzeruqv dw wkh wlph ri wkh vkrfn +gX+3> 3,, dqg

xowlpdwh vwhdg|0vwdwh jhqhudwlrqv +gX+4>4,,1 Wkh vshhg ri frqyhujhqfh lq wkh pdfurhfr0

qrplf v|vwhp +� � ��� A 3, lv wkh fuxfldo sdudphwhu ghwhuplqlqj wkh wlph0ydu|lqj zhljkw lq

+;9,1

Ehiruh jrlqj rq lw pd| eh lqvwuxfwlyh wr vkrz krz +;9, lv ghulyhg iurp +8<, dqg +;8,1 Zh

�uvw qrwh iurp +W618, dqg +W61:, wkdw iru wkh h{rjhqrxv oderxu vxsso| fdvh wkh lqwhuhvw udwh

h�hfw fdq eh zulwwhq dv= �u+w, @ �+�u �N+w, . �wg,1 Wklv phdqv wkdw +;7, fdq eh zulwwhq dv=

Oig�+w,> vj @ �
�

u

�. �

�%
�u

#
Oi �N>�. �j � Oi �N>vj

v� +�. �,

$
.

�wg
v+�. �,

&
= +;;,

E| xvlqj +8<, zh ghulyh lq d ihz vwhsv=

Oi �N>�. �j � Oi �N>vj @

��
4

�. �
� 4

�. � . �

�
�
�
4

v
� 4

v. �

��
�N+4,

@

��
4

�. �
� 4

v

�
�
�

4

�. � . �
� 4

v. �

��
�N+4,

@

��
v� +�. �,

+�. �,v

�
�
�

v� +�. �,

+�. � . �,+v. �,

��
�N+4,>

iurp zklfk zh ghulyh=

Oi �N>�. �j � Oi �N>vj
v� +�. �,

@

�
4

v

4

�. �
� 4

v. �

4

�. � . �

�
�N+4,

@

�
4

v

�
4

�. �
� 4

�. � . �

�
.

4

�. � . �

�
4

v
� 4

v. �

��
�N+4,

@
4

v
Oi �N>�. �j.

�
4

v
� 4

v. �

�#
�N+4,

�. � . �

$
= +;<,

Vlpoduo|/ zh fdq ghulyh iurp +8<, wkdw=

Oi �F> vj � +4� $M,Oi �N> vj @
�F+3,

v. �
.

�
4

v
� 4

v. �

�k
�F+4,� +4� $M, �N+4,

l
= +<3,

E| vxevwlwxwlqj +;;,0+<3, lq +;8, dqg jdwkhulqj whupv zh rewdlq=

OigX+w> w,> vj @ gX+3> 3,

�
4

v. �

�
. gX+4>4,

�
4

v
� 4

v. �

�
= +<4,

Vlqfh zh uhfrjql}h wkh Odsodfh wudqvirupv dsshdulqj rq wkh uljkw0kdqg vlgh/ lqyhuvlrq ri +<4,

lv vwudljkwiruzdug dqg uhvxowv lq +;9,1
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71516 Glvfxvvlrq

Zh kdyh vkrzq krz wkh zhoiduh h�hfwv ri d srolf| vkrfn fdq eh vwxglhg erwk iru h{lvwlqj dqg

ixwxuh jhqhudwlrqv1 Iru wkh sduwlfxodu vkrfn vwxglhg/ wkh zhoiduh h�hfwv rq fxuuhqw dqg ixwxuh

jhqhudwlrqv fdq eh zulwwhq dv lq +:<, dqg +;9,/ uhvshfwlyho|1 Wkhvh h{suhvvlrqv lpso| wkdw wkh

lqwhujhqhudwlrqdo zhoiduh sur�oh lv ixoo| fkdudfwhul}hg e| wkh zhoiduh h�hfwv rq/ uhvshfwlyho|/

�jhqhudwlrq Phwkxvdohp� +gX+�4> 3,,/ qhzeruqv dw wkh wlph ri wkh vkrfn +gX+3> 3,,/ dqg

vwhdg|0vwdwh jhqhudwlrqv +gX+4>4,1 Eryhqehuj dqg Khlmgud +4<<<e/ s1 48, suryh wkdw/ iru

wkh fdslwdo wd{ vkrfn/ gX+�4> 3, ? 3/ gX+3> 3, A 3 +iru orz lqlwldo wg,/ gX+4>4, A 3 +dovr

iru orz lqlwldo wg,/ dqg gX+3> 3, A gX+4>4, +uhjdugohvv ri wkh lqlwldo wd{ udwh,1 Vr/ zkhuhdv lq

wkh UD prgho zhoiduh xqdpeljxrxvo| ghfolqhv dv d uhvxow ri wkh wd{ vkrfn +vhh htxdwlrq +99,,/

wkh vlwxdwlrq lv frqvlghudeo| pruh frpsoh{ lq wkh ROJ prgho1 Vrph jhqhudwlrqv jdlq zkloh

rwkhuv orvh rxw1 Wd{ lqflghqfh txhvwlrqv duh wkxv pxfk ohvv vwudljkwiruzdug�dqg dujxdeo|

pruh uhohydqw dqg lqwhuhvwlqj�lq dq ROJ vhwwlqj ehfdxvh wkh khwhurjhqhlw| ri djhqwv fdxvhv

h!flhqf| dqg glvwulexwlrqdo h�hfwv wr lqwhudfw156

8 K|vwhuhwlf prghov

Zh qrz frqvlghu d vshfldo fodvv ri prghov wkdw kdyh wkh k|vwhuhvlv surshuw|1 Zlwk k|vwhuhvlv

zh phdq d v|vwhp zkrvh vwhdg| vwdwh lv qrw jlyhq/ exw fdq zdqghu derxw dqg ghshqgv rq wkh

sdvw sdwk ri wkh hfrqrp|1 Pdwkhpdwlfdoo|/ wklv surshuw| lpsolhv wkdw wkh Mdfreldq pdwul{

ri d frqwlqxrxv0wlph v|vwhp kdv/ dsduw iurp vrph �uhjxodu� +qrq0}hur, hljhqydoxhv/ d }hur

hljhqydoxh157 K|vwhuhwlf v|vwhpv duh lpsruwdqw lq pdfurhfrqrplfv ehfdxvh wkh| doorz xv

wr ghsduw iurp wkh uljlg iudphzrun ri htxloleulxp/ d0klvwrulfdo/ hfrqrplfv1 Sxw gl�huhqwo|=

klvwru| pdwwhuv lq vxfk v|vwhpv1

Lq wkh uhpdlqghu ri wklv vhfwlrq zh vkrz wkdw wkh Odsodfh wudqvirup phwkrgv vwxglhg deryh

fdq hdvlo| eh dssolhg lq orz0glphqvlrqdo k|vwhuhwlf prghov dovr1 Zh uhvwulfw dwwhqwlrq wr wkh

wzr fdvhv hqfrxqwhuhg prvw iuhtxhqwo| lq wkh hfrqrplfv olwhudwxuh/ qdpho| wzr0glphqvlrqdo

prghov zlwk erwk urrwv qrq0srvlwlyh dqg qrq0qhjdwlyh/ uhvshfwlyho|1

814 Qrq0srvlwlyh urrwv +b� 	 f ' b2,

Vxssrvh wkdw wkh pdwul{ � lq +43, vdwlv�hv m�m @ ���2 @ 3 dqg wu� @ �� . �2 ? 3 vr wkdw

wkh v|vwhp kdv d }hur urrw dqg lv k|vwhuhwlf/ l1h1 �� @ wu� ? 3 dqg �2 @ 31 Fohduo|/ vlqfh

56 Lq wkh ROJ prgho sxeolf ghew srolf| lv xvhixo ehfdxvh +4, lw doorzv wkh jryhuqphqw wr sudfwlfh wd{

vprrwklqj dqg +5, ehfdxvh sxeolf ghew fdq eh xvhg wr uhglvwulexwh jdlqv dqg orvvhv dfurvv jhqhudwlrqv1 Lq wkh

UD prgho/ Ulfdugldq htxlydohqfh krogv dqg rqo| wkh �uvw uroh ri ghew srolf| uhpdlqv1
57Qrwh wkdw lq d glvfuhwh0wlph vhwwlqj d prgho glvsod|v k|vwhuhvlv li lw frqwdlqv d xqlw urrw1 Dpdeoh hw do1

+4<<7, dujxh wkdw lw lv lqdssursuldwh wr htxdwh }hur0urrw +ru xqlw0urrw, g|qdplfv zlwk cwuxh* k|vwhuhvlv1 Vwurqj

k|vwhuhvlv lv d pxfk pruh jhqhudo frqfhsw lq wkhlu ylhz dqg wkh| vxjjhvw wkdw }hur0urrw g|qdplfv dw ehvw

fdswxuhv vrph dvshfwv ri wklv frqfhsw1
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m�m @ 3> wkh lqyhuvh pdwul{ �3� grhv qrw h{lvw dqg zh fdqqrw frpsxwh wkh orqj0uxq uhvxowv

ri d vkrfn e| lpsrvlqj wkh vwhdg| vwdwh lq +43, dqg lqyhuwlqj �1 Krzhyhu/ wkh ghulydwlrqv

ohdglqj iurp +4;, wr +54, duh doo vwloo ydolg hyhq iru �2 @ 3/ l1h1 wkh jhqhudo vroxwlrq lq Odsodfh

wudqvirupv lv=%
OiN>vj
OiT> vj

&
@

�
E

v� ��
.

L �E

v

�%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
= +<5,

zkhuh E � dgm�+��,@�� dqg L � E � �dgm�+3,@�� duh zhljkwlqj pdwulfhv1 Qrz dvvxph

wkdw wkhuh lv d whpsrudu| vkrfn/ l1h1 j�+w, @ j�h
31�| iru l @ N>T/ �� A 3/ dqg w � 31 Lq d

qrq0k|vwhuhwlf prgho vxfk d whpsrudu| vkrfn kdv qr h�hfw lq wkh orqj uxq dv wkh v|vwhp zloo

hyhqwxdoo| mxvw uhwxuq wr lwv lqlwldo vwhdg| vwdwh zklfk lv xqltxho| ghwhuplqhg e| wkh orqj0uxq

ydoxhv ri wkh vkrfn whupv1

Lq vwdun frqwudvw/ lq d k|vwhuhwlf prgho/ d whpsrudu| vkrfn grhv kdyh shupdqhqw h�hfwv1

Lq rughu wr ghprqvwudwh wklv uhvxow zh �uvw vxevwlwxwh Oij�> vj @ j�@+v. ��, lqwr +<5,=%
OiN>vj
OiT> vj

&
@

�
E

v� ��
.

L �E

v

�%
N+3, . jg@+v. �g,

T+3, . j'@+v. �',

&
= +<6,

Htxdwlrq +<6, frqvwlwxwhv wkh ixoo vroxwlrq iru N+w, dqg T+w, rqfh wkh +klvwru|0ghwhuplqhg,

lqlwldo frqglwlrqv duh soxjjhg lq1 Xvlqj wkh �qdo0ydoxh wkhruhp +S;, zh ghulyh iurp +<6,=

olp
r<f

%
vOiN>vj
vOiT> vj

&
@

5
997E olp

r<f

�
v

v� ��

�
� ~} �

'f

. +L �E,olp
r<f

�v
v

�
� ~} �

'�

6
::8
5
7 N+3, . olp

r<f

�
}g

rn1g

�
T+3, . olp

r<f

�
}'

rn1'

�
6
8

@
dgm�

��

%
N+3, . jg@�g

T+3, . j'@�'

&
@

%
N+4,

T+4,

&
> +<7,

zkhuh zh kdyh xvhg wkh idfw wkdw dgm�+3, @ �dgm� lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh1

Htxdwlrq +<7, vkrzv wkdw wkh k|vwhuhwlf v|vwhp grhv qrw uhwxuq wr lwv lqlwldo vwdwh iroorzlqj

wkh whpsrudu| vkrfn1 Lw lv qrw xqvwdeoh/ krzhyhu/ ehfdxvh lw grhv vhwwoh grzq lq d qhz �vwhdg|

vwdwh� +iru zklfk bN+4, @ bT+4, @ 3, exw wkh srvlwlrq ri wklv qhz vwhdg| vwdwh ghshqgv rq wkh

hqwluh sdwk ri wkh vkrfn whupv/ l1h1 lq rxu h{dpsoh rq �g dqg �'1 Wkh xowlpdwh vwhdg| vwdwh

lv wkxv �sdwk ghshqghqw� zklfk h{sodlqv zk| dqrwkhu whup iru k|vwhuhvlv lv sdwk ghshqghqf|1

H{dpsoh 8 Shjjlqj wkh qrplqdo lqwhuhvw udwh1 Jldyd}}l dqg Z|sorv} +4<;8/ s1 688, jlyh d

vlpsoh h{dpsoh ri d k|vwhuhwlf v|vwhp1 Frqvlghu wkh iroorzlqj vlpsoh pdfurhfrqrplf prgho=

p+w,� s+w, @ d|+w,� elf +OP,

lf @ u+w, . bs+w, +Ilvkhu,

|+w, @ |(f +w,� �u+w, +LV,

b|+w, @ � ^�|f � |+w,` > +DV,
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zkhuh p/ |/ �|/ dqg s duh/ uhvshfwlyho|/ wkh prqh| vxsso|/ dfwxdo rxwsxw/ ixoo hpsor|phqw

rxwsxw/ dqg wkh sulfh ohyho +doo lq orjdulwkpv,/ u dqg l duh wkh uhdo dqg qrplqdo lqwhuhvw udwh/

uhvshfwlyho|/ dqg |(f uhsuhvhqwv wkh h{rjhqrxv hohphqwv ri djjuhjdwh ghpdqg1 Wkh prqhwdu|

dxwkrulw| xvhv prqhwdu| srolf| wr shj wkh qrplqdo lqwhuhvw udwh +dw l+w, @ lf, vr wkh OP

fxuyh uhvlgxdoo| ghwhuplqhv wkh prqh| vxsso|1 E| frpelqlqj wkh Ilvkhu uhodwlrq zlwk wkh LV

fxuyh zh rewdlq bs+w, @ +4@�,^|+w, � |(f +w,` . lf1 E| gl�huhqwldwlqj wklv h{suhvvlrq dqg wkh

DV fxuyh�nhhslqj wkh rwkhu h{rjhqrxv yduldeohv frqvwdqw�zh rewdlq wkh v|vwhp lq wkh uhtxluhg

irupdw=%
g bs+w,

g b|+w,

&
@

%
3 4@�

3 ��

&%
gs+w,

g|+w,

&
.

%
�+4@�,g|(f +w,

3

&
>

zkhuh wkh Mdfreldq pdwul{ kdv fkdudfwhulvwlf urrwv �� @ �� dqg �2 @ 3 dqg lw lv dvvxphg

wkdw erwk s dqg | duh suhghwhuplqhg yduldeohv +vr wkdw gs+3, @ g|+3, @ 3,1 Qrz frqvlghu wkh

h�hfwv ri d whpsrudu| errvw lq djjuhjdwh ghpdqg/ l1h1 g|(f +w, @ h31(| iru �( A 3 dqg w � 31

Xvlqj wkh phwkrgv ghyhorshg lq wklv vxevhfwlrq zh ghulyh=%
Oigs> vj
Oig|> vj

&
@

%
�4@+��(,

3

&�
4

v
� 4

v. �(

�
=

Ghvslwh wkh idfw wkdw wkh vkrfn lv sxuho| wudqvlwru| lw kdv d shupdqhqw h�hfw rq wkh sulfh ohyho1

815 Qrq0qhjdwlyh urrwv +b� ' f 	 b2,

Zh qrz dvvxph wkdw � lq +43, vdwlv�hv m�m @ ���2 @ 3 dqg wu� @ ��.�2 A 3 vr wkdw �� @ 3

dqg �2 @ wu� A 31 Iru wklv k|vwhuhwlf fdvh wkh dqdo|vlv lq vxevhfwlrq 51615 lv uhohydqw1 Wkh

jhqhudo vroxwlrq lq Odsodfh wudqvirupv lv rewdlqhg e| vhwwlqj �� @ 3 lq +5<,=

v

%
OiN> vj
OiT> vj

&
@

%
N+3, . Oijg > vj
T+3, . Oij'> vj

&
. dgm�+�2,

%
nt}g cr�3nt}g cb2�

r3b2
nt}'cr�3nt}'cb2�

r3b2

&
= +<8,

Ohw xv rqfh djdlq dvvxph wkdw wkh vkrfn lv whpsrudu| dqg kdv d Odsodfh wudqvirup Oij�> vj @

j�@+v. ��, iru l @ N>T vr wkdw=

Oij�> vj � Oij�> �2j
v� �2

@
�j�

+�2 . ��,+v. ��,
= +<9,

Htxdwlrq +<8, fdq wkhq eh uhzulwwhq dv=

v

%
OiN> vj
OiT> vj

&
@

%
N+3, . jg@+v. �g,

T+3, . j'@+v. �',

&
� dgm�+�2,

%
}g

Eb2n1g�Ern1g�
}'

Eb2n1'�Ern1'�

&
> +<:,
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zkhuh T+3, iroorzv iurp hlwkhu +5:, ru +5;,1 E| xvlqj wkh �qdo0ydoxh wkhruhp +S;, lq +<:, zh

ghulyh wkh k|vwhuhwlf uhvxow=58

olp
r<f

v

%
OiN>vj
OiT> vj

&
@

%
N+3, . jg@�g

T+3, . j'@�'

&
� dgm�+�2,

%
}g

1gEb2n1g�
}'

1'Eb2n1'�

&

@
dgm�

�2

%
N+3, . jg@�g

T+3, . j'@�'

&
@

%
N+4,

T+4,

&
= +<;,

Dv lq wkh rxwuljkw vwdeoh fdvh +vhh +<7,, sdudphwhuv ri wkh vkrfn sdwk ghwhuplqh wkh xowlpdwh

orqj0uxq uhvxow1

H{dpsoh 9 Frqvlghu wkh vlpsoh uhsuhvhqwdwlyh0djhqw prgho ri d vpdoo rshq hfrqrp| vxj0

jhvwhg e| Eodqfkdug +4<;8/ s1 563,1 Wkhuh lv qr fdslwdo dqg oderxu vxsso| lv h{rjhqrxvo|

�{hg +dw xqlw|, vr wkdw rxwsxw dqg wkh zdjh udwh duh h{rjhqrxv1 Wkh prgho lv=

bF+w, @ ^u+w,� �`F+w,

bI +w, @ u+w,I +w, .Z +w,�F+w,>

zkhuh I lv qhw iruhljq dvvhwv/ dqg F/ u/ dqg Z duh/ uhvshfwlyho|/ frqvxpswlrq/ wkh h{rjhqrxv

lqwhuhvw udwh/ dqg wkh zdjh udwh1 Dv lv zhoo nqrzq/ d vwhdg| vwdwh rqo| h{lvwv lq wklv prgho

li wkh vwhdg|0vwdwh lqwhuhvw udwh htxdov wkh udwh ri wlph suhihuhqfh/ l1h1 li u+w, @ �1 Diwhu

orjolqhdul}lqj wkh prgho durxqg dq lqlwldo vwhdg| vwdwh zh rewdlq=%
b�I +w,
b�F+w,

&
@

%
� ��+4 . $8 ,

3 3

&%
�I +w,
�F+w,

&
.

%
$8

4

&
��u+w,>

zkhuh $8 � �I@\ @ F@\ � 4 lv wkh lqlwldo vkduh ri iruhljq dvvhw lqfrph lq qdwlrqdo rxwsxw/
b�I +w, � �g bI@\ / dqg �I +w, � �gI@\ 1 Wkh Mdfreldq pdwul{ rq wkh uljkw0kdqg vlgh kdv fkdu0

dfwhulvwlf urrwv �� @ 3 dqg �2 @ � dqg lw lv dvvxphg wkdw I lv wkh suhghwhuplqhg yduldeoh

dqg F lv wkh mxpslqj yduldeoh1 Qrz frqvlghu d whpsrudu| fkdqjh lq wkh zruog lqwhuhvw udwh/

�u+w, @ h31-| iru �- A 3 dqg w � 31 E| xvlqj +5:, dqg pdnlqj wkh reylrxv vxevwlwxwlrqv zh

rewdlq wkh mxps lq frqvxpswlrq=

�F+3, @ � �

+�. �-,+4 . $8 ,
? 3=

Lq d vlplodu idvklrq/ wkh orqj0uxq uhvxowv fdq eh rewdlqhg e| xvlqj +<;,=%
�I +4,
�F+4,

&
@

%
3 4 . $8

3 4

&%
�$8@�-
�F+3, . �@�-

&
@

%
4 . $8

4

&�
� ^�. $8 +�. �-,`

�-+�. �-,+4 . $8 ,

�
=

Lq wkh lpsdfw shulrg wkh krxvhkrog fxwv edfn frqvxpswlrq wr errvw lwv vdylqjv1 Lq wkh orqj uxq

erwk frqvxpswlrq dqg qhw iruhljq dvvhvw duh kljkhu wkdq lq wkh lqlwldo vwhdg| vwdwh +surylghg

$8 A ��@+�. �-, lq wkh lqlwldo vwhdg| vwdwh,1
58 Lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh zh xvh +59,/ qrwh wkdw +4<, lpsolhv b2U ' @_�\Eb2� 3 @_�\Ef�/

dqg uhfdoo wkdw @_�\Ef� ' 3@_�{1
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9 Glvfuhwh0wlph prghov

Dowkrxjk frqwlqxrxv0wlph prghov duh txlwh frqyhqlhqw wr zrun zlwk/ hfrqrplvwv riwhq zrun

zlwk prghov irupxodwhg lq glvfuhwh wlph1 Prvw UEFprghov idoo xqghu wklv fdwhjru| dv grhv wkh

fodvv ri ryhuodsslqj0jhqhudwlrqv prghov lq wkh Vdpxhovrq +4<8;,0Gldprqg +4<98, wudglwlrq1

Lq wklv vhfwlrq zh eulh | lqwurgxfh wkh }0wudqvirup phwkrg1 Wklv phwkrg sod|v wkh vdph

uroh lq glvfuhwh0wlph prghov wkdw wkh Odsodfh wudqvirup phwkrg shuirupv lq frqwlqxrxv0wlph

prghov1 Lq rughu wr dyrlg xqqhfhvvdu| gxsolfdwlrq/ rqo| wkh edvlf hohphqwv ri wkh }0wudqvirup

duh lqwurgxfhg1 Wkh vwxghqw vkrxog eh deoh wr �wudqvodwh� wkh lqvljkwv rewdlqhg deryh wr

wkh glvfuhwh0wlph vhwwlqj diwhu uhdglqj wklv vhfwlrq1 H{wuhpho| oxflg h{srvlwlrqv ri wkh }0

wudqvirup phwkrg duh Rjdwd +4<<8, dqg Hod|gl +4<<9,1 Phlmgdp dqg Yhukrhyhq +4<<;,

dsso| wkh whfkqltxhv lq dq hfrqrplf vhwwlqj1

914 Wkh 50wudqvirup

Vxssrvh zh kdyh d glvfuhwh0wlph ixqfwlrq/ i|/ zklfk vdwlv�hv i| @ 3 iru w @ �4>�5> ===1 Wkh

+rqh0vlghg, }0wudqvirup ri wkh ixqfwlrq lv wkhq gh�qhg dv iroorzv=

]ii|> }j �
"[
|'f

i|}
3|> +<<,

zkhuh } lv d frpsoh{ yduldeoh159 Surylghg wkh vxp rq wkh uljkw0kdqg vlgh frqyhujhv/ ]ii|> }j
h{lvwv dqg fdq eh vhhq dv d ixqfwlrq ri }1 Wkh uhjlrq ri frqyhujhqfh lv ghwhuplqhg dv iroorzv1

Vxssrvh wkdw i| vdwlv�hv=

olp
|<"

����i|n�i|

���� @ U= +433,

Wkhq wkh lq�qlwh vxp lq +<<, frqyhujhv surylghg=

olp
|<"

�����i|n�}
3E|n��

i|}3|

����� ? 4> +434,

dqg glyhujhv li wkh lqhtxdolw| lv uhyhuvhg1 Wrjhwkhu/ +433, dqg +434, lpso| wkdw +<<, frqyhujhv�

dqg ]ii|> }j h{lvwv�lq wkh uhjlrq m}m A U +�khdy| glvfrxqwlqj�,1 Lq wkh uhjlrq m}m ? U / rq

wkh rwkhu kdqg/ glvfrxqwlqj lv �oljkw� dqg ]ii|> }j grhv qrw h{lvw1 U lv uhihuuhg wr dv wkh

udglxv ri frqyhujhqfh ri ]ii|> }j1
H{dpsoh : Vxssrvh wkdw i| @ 4 iru w @ 3> 4> 5> === +dqg i| @ 3 rwkhuzlvh,1 Wkhq ]ii|> }j lv=

]ii|> }j � ]i4> }j @
"[
|'f

4� }3| @ 4. +4@}, . +4@},2 . ===

@
4

4� 4@}
@

}

} � 4
>

59E| frpsdulqj +4, dqg +<<, zh fdqqrw khos exw qrwlfh wkh forvh uhodwlrq wkdw h{lvwv ehwzhhq wkh Odsodfh

wudqvirup dqg wkh 50wudqvirup1 Lqghhg/ dvvxplqj wkdw sE|� lq +4, lv frqwlqxrxv zh rewdlq e| glvfuhwl}lqj

ntsc r� '
S
"

|'f
e3r|s|1 E| vhwwlqj 5 ' er zh rewdlq +<<,1 Vhh dovr Hod|gl +4<<9/ s1 587,1
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i| ]ii> }j ydolg iru=

4 5
53� m}m A 4

w 5
E53��2 m}m A 4

d| 5
53@ > m}m A mdm

d|3� �
53@ > m}m A mdm

wd|3� 5
E53@�2

> m}m A mdm
@|3K|

@3K
5

E53@�E53K� m}m A mdm > m}m A mem > d 9@ e

Wdeoh 7= Frpprqo| xvhg } 0wudqvirupv

surylghg m}m A 41

Qrz d voljkwo| kdughu rqh=

H{dpsoh ; Vxssrvh wkdw i| @ d| iru w @ 3> 4> 5> === +dqg i| @ 3 rwkhuzlvh,1 Wkhq ]ii|> }j lv=

]ii|> }j � ]id|> }j @
"[
|'f

d|}3| @ 4 . +d@}, . +d@},2 . ===

@
4

4� d@}
@

}

} � d
>

surylghg m}m A mdm1

Lq Wdeoh 7 zh dyh jdwkhuhg vrph riwhq0xvhg }0wudqvirupv1 Wkh vwxghqw vkrxog yhuli| wkdw

erwk wkh irup ri hdfk wudqvirup dqg lwv dvvrfldwhg udglxv ri frqyhujhqfh duh fruuhfw1

Wkh }0wudqvirup kdv d qxpehu ri surshuwlhv zklfk doorz xv wr shuirup dojheudlf fdofxod0

wlrqv zlwk wkhp1 Wkh prvw lpsruwdqw ri wkhvh duh wkh iroorzlqj1 Qrwlfh wkdw lq hdfk fdvh zh

dvvxph wkdw i| srvvhvvhv d }0wudqvirup dqg wkdw i| @ 3 iru w @ �4>�5> ===1

Surshuw| < Pxowlsolfdwlrq e| d frqvwdqw1 Li ]ii> vj lv wkh }0wudqvirup ri i| wkhq ]idi> }j @

d]ii> }j1

Surshuw| 43 Li i| dqg j| erwk kdyh d }0wudqvirup wkhq zh kdyh iru dq| frqvwdqwv d dqg e

wkdw=

]idi . ej> }j @ d]ii> }j. e]ij> }j +S<,

Surshuw| 44 Ohiw0vkliwlqj1

]ii|n�> }j @ }]ii|> }j � }if +S43,

]ii|n2> }j @ }]ii|n�> }j � }i� @ }2]ii|> }j � }2if � }i� +S44,

===

]ii|n&> }j @ }&

%
]ii|> }j �

&3�[
o'f

}&3oio

&
+S45,

6<



Surshuw| 45 Lqlwldo0ydoxh dqg �qdo0ydoxh wkhruhpv=

olp
�5�<"

]ii|> }j @ if +S46,

olp
5<�

+} � 4,]ii|> }j @ olp
|<"

i| +S47,

915 Uhylvlwlqj Plfnh| Prxvh

Vxssrvh zh zlvk wr vroyh wkh iroorzlqj gl�huhqfh htxdwlrq=

{|n2 . 6{|n� . 5{| @ 3> {f @ 3> {� @ 4= +435,

E| xvlqj surshuwlhv +S43, dqg +S44, zh rewdlq wkh vxevlgldu| htxdwlrq lq d ihz vwhsv=

3 @
�
}2]i{|> }j � }2{f � }{�

�
. 6 ^}]i{|> }j � }{f` . 5]i{|> }j /�

}2 . 6} . 5
�]i{|> }j @ }2{f . }{� . 6}{f @ } /
]i{|> }j @

}

+} . 4,+} . 5,
@

}

} . 4
� }

} . 5
= +436,

Lqyhuwlqj +436, |lhogv wkh vroxwlrq lq wkh wlph grpdlq=

{| @ +�4,| � +�5,|> +437,

iru w @ 3> 4> 5> ===1

Wklv h{dpsoh lv�ri frxuvh�udwkhu xqh{flwlqj dsduw iurp wkh idfw wkdw lw jlyhv xv d klqw

dv wr wkh vwdelolw| surshuwlhv ri gl�huhqfh htxdwlrqv1 Dv|pswrwlf vwdelolw| ri +d v|vwhp ri,

gl�huhqfh htxdwlrqv lv rewdlqhg li wkh urrwv olh lqvlgh wkh xqlw flufoh/ l1h1 whupv olnh 5
5n@ duh

+xq, vwdeoh li mdm ? 4 +mdm A 4,1

916 Uhylvlwlqj wkh vdggoh sdwk prgho

Zh qrz frqvlghu wkh iroorzlqj v|vwhp ri gl�huhqfh htxdwlrqv +lq dqdorj| zlwk +43,,=%
N|n� �N|

T|n� �T|

&
@ �

%
N|

T|

&
.

%
jgc|

j'c|

&
> +438,

zkhuh jgc| dqg j'c| duh vkrfn whupv +srvvhvvlqj d }0wudqvirup, dqg � kdv w|slfdo hohphqw ��� 1

Wdnlqj wkh }0wudqvirup ri +438, |lhogv=

�+},

%
]iN|> }j
]iT|> }j

&
@

%
}Nf .]ijg > }j
}Tf .]ij'> }j

&
> +439,

zkhuh �+} � 4, � +} � 4,L ��1 Zh dvvxph wkdw wkh fkdudfwhulvwlf urrwv ri � duh erwk uhdo

dqg wkdw �4 ? �� ? 3 dqg 3 ? �2 ? 415: Dv ehiruh/ N| lv ghhphg wr eh suhghwhuplqhg +vr
5:Zh zulwh wkh v|vwhp lq d irup zklfk hpskdvl}hv wkh forvh dqdorj| zlwk +43,1 Ri frxuvh/ zh fdq dovr

uh0h{suhvv +438, dv=%
g|n�

'|n�

&
' {W

%
g|

'|

&
n

%
}gc|

}'c|

&
c
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wkdw Nf lv jlyhq, zklovw T| lv d qrq0suhghwhuplqhg yduldeoh +vr wkdw Tf fdq mxps,1 Iroorzlqj

wkh vwhsv lq vxevhfwlrq 51615 zh ghulyh wkh h{suhvvlrq iru Tf=

Tf @ �]ij'> 4 . �2j
4 . �2

�
�
�2 � �22

��2

��
Nf .

]ijg > 4 . �2j
4 . �2

�
+43:,

@ �]ij'> 4 . �2j
4 . �2

�
�

�2�
�2 � ���

��
Nf .

]ijg > 4 . �2j
4 . �2

�
= +43;,

Vlpoduo|/ wkh jhqhudo h{suhvvlrq iru wkh vroxwlrq fdq eh zulwwhq dv=

^} � +4 . ��,`

%
]iN>}j
]iT> }j

&
@

%
}Nf .]ijg > }j
}Tf .]ij'> }j

&
+43<,

.

dgm�+�2,

5
7 ]ijg > }j �

�
5

�nb2

�
]ijg > 4 . �2j

]ij'> }j �
�

5
�nb2

�
]ij'> 4 . �2j

6
8

} � +4 . �2,
>

zkhuh wkh dqdorj| zlwk +5<, vkrxog eh reylrxv1

917 Glvfxvvlrq

Rqh ri wkh dgydqwdjhv ri zrunlqj lq glvfuhwh wlph lv wkh hdvh zlwk zklfk vwrfkdvwlf vkrfnv

fdq eh lqfrusrudwhg lq wkh prgho1 Uhdghuv duh uhihuuhg wr Zklwhpdq +4<;6, dqg Xkolj +4<<<,

iru ixuwkhu lqirupdwlrq1

: Jxlgh wr wkh olwhudwxuh

Wkh uhdghu zlwk qr edfnjurxqg lq wkh duhd ri gl�huhqwldo htxdwlrqv grhv zhoo wr frqvxow

dq lqwurgxfwru| wh{w vxfk dv Fkldqj +4<;7,/ hvshfldoo| fkdswhuv 4604;1 Wkh prvw dffhvvl0

eoh vrxufhv wr wkh Odsodfh wudqvirup phwkrg duh wr eh irxqg lq wkh hqjlqhhulqj olwhudwxuh1

Nuh|v}lj +4<;;/ fk1 8, dqg Er|fh dqg GlSulpd +4<<5/ fk1 9, duh sduwlfxoduo| looxplqdwlqj1 D

jrrg hqf|forshglf vrxufh rq Odsodfh wudqvirupv lv Vslhjho +4<98,1 Mxgg +4<;5/ 4<;8/ 4<;:d0

e, zdv wkh �uvw wr dsso| wkh phwkrg wr vdggoh0srlqw vwdeoh shuihfw iruhvljkw prghov/ dqg wr

qrwh wkh forvh olqn zlwk zhoiduh hydoxdwlrqv dorqj wkh wudqvlwlrq sdwk1 Xqiruwxqdwho| Mxgg

grhv qrw zulwh wkdw fohduo|1 Ixuwkhu frqwulexwlrqv zhuh pdgh e| Eryhqehuj +4<<6/ 4<<7, dqg

e| Eryhqehuj dqg Khlmgud +4<<;e,1 Sdshuv wkdw xvh wkh Odsodfh wudqvirup h{whqvlyho| duh

Drnl +4<;9,/ Edogzlq +4<<5,/ Ehwwhqgrui dqg Khlmgud +4<<9/ 4<<<,/ Eryhqehuj dqg Khlmgud

+4<<;d,/ Eurhu dqg Khlmgud +4<<9,/ Khlmgud dqg Phlmgdp +4<<:,/ dqg Khlmgud dqg Ydq ghu

Kruvw +5333,1 Ixuwkhu sdshuv ghdolqj zlwk wkh }hur0urrw sureohp duh Jldyd}}l dqg Z|sorv}

+4<;8, dqg Dpdeoh hw do1 +4<<7,1

zkhuh {W  U n{1 Vdggoh0srlqw vwdelolw| wkhq uhtxluhv wkh fkdudfwhulvwlf urrwv ri {W wr eh ehwzhhq 3 dqg 4

lq devroxwh ydoxh1
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Iru kljkhu glphqvlrqdo prghov/ iru zklfk rqo| qxphulfdo vlpxodwlrqv duh ihdvleoh/ jhqhudo

vroxwlrq phwkrgv duh surylghg +iru wkh glvfuhwh0wlph fdvh, e| Eodqfkdug dqg Ndkq +4<;3,

dqg +iru wkh frqwlqxrxv wlph fdvh, e| Exlwhu +4<;7,1

Txhvwlrqv

Txhvwlrq 4
Yhuli| wkdw +56, lv lqghhg wkh vroxwlrq wr +43, iru wkh rxwuljkw vwdeoh fdvh1 Klqw= gl�huhqwldwh

+56, zlwk uhvshfw wr wlph dqg vkrz wkdw wkh uhvxowlqj h{suhvvlrq fdq eh uhzulwwhq dv +43,1

Qrwh wkdw �+��,dgm�+��, @ 3 ^zk|B`1

Txhvwlrq 5 ^Ehwwhqgrui dqg Khlmgud +4<<9/ 4<<<,`

Frqvlghu wkh v|vwhp b[+w, @ �[+w, .J+w,/ zkhuh [+w, � ^[�+w,>[2+w,>[�+w,`
A dqg J+w, �

^j�+w,> j2+w,> j�+w,`A 1 Dvvxph wkdw wkh wkuhh0e|0wkuhh pdwul{ � kdv glvwlqfw uhdo hljhqydoxhv

ri zklfk wzr duh xqvwdeoh dqg rqh lv vwdeoh/ l1h1 �� ? 3 ? �2> ��1 [�+w, lv d suhghwhuplqhg

yduldeoh zklovw [2+w, dqg [�+w, duh qrq0suhghwhuplqhg1 Gh�qh dgm�+v, � vL ��1

+d, Vkrz wkdw dgm�+v, fdq eh zulwwhq dv=

dgm�+v, @ +v� �2,+v� ��,L .

�
v� ��
�2 � ��

�
dgm�+�2,�

�
v� �2
�2 � ��

�
dgm�+��,=

+e, Ghulyh wkh h{suhvvlrqv iru wkh lpsdfw mxpsv/ [2+3, dqg [�+3,1

+f, Vkrz wkdw wkh vroxwlrq ri wkh v|vwhp +lq Odsodfh wudqvirupv, lv=

+v� ��,

5
97 Oi[�> vj

Oi[2> vj
Oi[�> vj

6
:8 @

5
97 Oij�> vj

[2+3, . Oij2> vj
[�+3, . Oij�> vj

6
:8.

�
dgm�+�2,

�2 � ��

�5
97

nt}�cr�3nt}�cb2�
r3b2

nt}2cr�3nt}2cb2�
r3b2

nt}�cr�3nt}�cb2�
r3b2

6
:8

�
�
dgm�+��,

�2 � ��

�5
97

nt}�cr�3nt}�cb��
r3b�

nt}2cr�3nt}2cb��
r3b�
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+g, Dvvxph wkdw wkh vkrfn whupv vdwlvi| j�+w, @ j�/ iru w � 3 dqg l @ 4> 5> 61 Ghulyh wkh

vroxwlrq lq wkh wlph grpdlq1

Txhvwlrq 6
Suryh wkdw FIH�wB lq Iljxuh 6 lv krul}rqwdo qhdu wkh ruljlq dqg grzqzdug vorslqj dqg

vwhhshu wkdq FIH+� qhdu wkh yhuwlfdo lqwhufhsw1 Klqw = xvh +77, dqg +79, dqg wdnh olplwv iru

O $ 3 dqg O $ 41

Txhvwlrq 7 ^Vhq dqg Wxuqryvn| +4<<3,`

Orjolqhdul}h wkh prgho ri Vhq dqg Wxuqryvn| +4<<3, durxqg dq lqlwldo vwhdg| vwdwh1 Dvvxph

iru vlpsolflw| wkdw wkh iholflw| ixqfwlrq lv orjolqhdu lq frqvxpswlrq dqg ohlvxuh dqg wkdw wkh

75



surgxfwlrq ixqfwlrq lv Free0Grxjodv1 Vkrz wkdw wkh prgho h{klelwv k|vwhuhvlv1 Xvh wkh

Odsodfh wudqvirup whfkqltxhv wr vwxg| wkh h�hfwv ri d whpsrudu| lqyhvwphqw vxevlg|1

Txhvwlrq 8 ^Jlrydqqlql +4<;;,`

Jlrydqqlql +4<;;, h{whqgv wkh Eodqfkdug +4<;8, prgho wr wkh rshq hfrqrp|1 Frpsxwh wkh

lpsdfw dqg orqj0uxq h�hfwv ri d �vfdo vshqglqj vkrfn iru d vpdoo rshq hfrqrp| srsxodwhg

e| dq lq�qlwho|0olyhg uhsuhvhqwdwlyh djhqw1 +Wkh prgho lv jlyhq rq sdjh 4:86 dqg wkh eluwk

udwh lv }hur,1 Lqwhusuhw Jlrydqqlql*v uhpdunv lq wkh �uvw sdudjudsk rq sdjh 4:88 frqfhuqlqj

xqghughwhuplqdf| ri wkh vwhdg| vwdwh1 Klqw = xvh wkh Odsodfh wudqvirup whfkqltxhv dqg pdnh

vxuh |rx kdyh douhdg| dqvzhuhg txhvwlrq 5 deryh1

Uhihuhqfhv

Dpdeoh/ E1/ Khqu|/ M1/ Orugrq/ I1/ dqg Wrsro/ U1 +4<<7,1 Vwurqj k|vwhuhvlv yhuvxv xqlw0urrw

g|qdplfv1 Hfrqrplfv Ohwwhuv/ 77=76�7:1

Drnl/ P1 +4<;9,1 G|qdplf dgmxvwphqw ehkdylrxu wr dqwlflsdwhg vxsso| vkrfnv lq d wzr0frxqwu|

prgho1 Hfrqrplf Mrxuqdo/ <9=;3�4331

D|uhv/ I1 +4<:7,1 Wkhru| dqg Sureohpv ri Pdwulfhv1 PfJudz0Kloo/ Qhz \run1

Edogzlq/ U1 H1 +4<<5,1 Phdvxudeoh g|qdplf jdlqv iurp wudgh1 Mrxuqdo ri Srolwlfdo Hfrqrp|/

433=495�4:71

Ed{whu/ P1 dqg Nlqj/ U1 J1 +4<<6,1 Ilvfdo srolf| lq jhqhudo htxloleulxp1 Dphulfdq Hfrqrplf

Uhylhz/ ;6=648�6671

Ehwwhqgrui/ O1 M1 dqg Khlmgud/ E1 M1 +4<<9,1 Lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo zhoiduh ohdn0

djhv ri d surgxfw vxevlg| lq d vpdoo rshq hfrqrp|1 Glvfxvvlrq Sdshu WL <:036:25/

Wlqehujhq Lqvwlwxwh1

Ehwwhqgrui/ O1 M1 dqg Khlmgud/ E1 M1 +4<<<,1 Lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo zhoiduh ohdn0

djhv ri d wdul� lq d vpdoo rshq hfrqrp|1 Uhvhdufk Uhsruw <<F4</ VRP/ Xqlyhuvlw| ri

Jurqlqjhq1

Eodqfkdug/ R10M1 +4<;8,1 Ghewv/ gh�flwv/ dqg �qlwh krul}rqv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/

<6=556�57:1

Eodqfkdug/ R10M1 dqg Ndkq/ F1 P1 +4<;3,1 Wkh vroxwlrq ri olqhdu gl�huhqfh prghov xqghu

udwlrqdo h{shfwdwlrqv1 Hfrqrphwulfd/ 7;=4638�46441

Eryhqehuj/ D1 O1 +4<<6,1 Lqyhvwphqw surprwlqj srolflhv lq rshq hfrqrplhv= Wkh lpsruwdqfh

ri lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo glvwulexwlrqdo h�hfwv1 Mrxuqdo ri Sxeolf Hfrqrplfv/

84=6�871
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Eryhqehuj/ D1 O1 +4<<7,1 Fdslwdo wd{dwlrq lq wkh zruog hfrqrp|1 Lq Ydq ghu Sorhj/ I1/ hglwru/

Kdqgerrn ri Lqwhuqdwlrqdo Pdfurhfrqrplfv1 Edvlo Eodfnzhoo/ R{irug1

Eryhqehuj/ D1 O1 dqg Khlmgud/ E1 M1 +4<<;d,1 Hqylurqphqwdo dedwhphqw dqg lqwhujhqhudwlrqdo

glvwulexwlrq1 Glvfxvvlrq Sdshu <;433/ FhqwHU/ Wloexuj Xqlyhuvlw|1

Eryhqehuj/ D1 O1 dqg Khlmgud/ E1 M1 +4<<;e,1 Hqylurqphqwdo wd{ srolf| dqg lqwhujhqhudwlrqdo

glvwulexwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 9:=4�571

Er|fh/ Z1 H1 dqg GlSulpd/ U1 F1 +4<<5,1 Hohphqwdu| Gl�huhqwldo Htxdwlrqv dqg Erxqgdu|

Ydoxh Sureohpv1 Zloh|/ Qhz \run/ irxuwk hglwlrq1

Eurhu/ G1 S1 dqg Khlmgud/ E1 M1 +4<<9,1 Wkh lqwhujhqhudwlrqdo glvwulexwlrq h�hfwv ri wkh

lqyhvwphqw wd{ fuhglw xqghu prqrsrolvwlf frpshwlwlrq1 Uhvhdufk Phprudqgxp <936/

RFIHE/ Hudvpxv Xqlyhuvlw|/ Urwwhugdp1

Exlwhu/ Z1 K1 +4<;7,1 Vdggohsrlqw sureohpv lq frqwlqxrxv wlph udwlrqdo h{shfwdwlrqv prghov=

D jhqhudo phwkrg dqg vrph pdfurhfrqrplf h{dpsohv1 Hfrqrphwulfd/ 85=998�9;31

Fdpsehoo/ M1 \1 +4<<7,1 Lqvshfwlqj wkh phfkdqlvp= Dq dqdo|wlfdo dssurdfk wr wkh vwrfkdvwlf

jurzwk prgho1 Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 66=796�8391

Fkdpoh|/ F1 +4<;8,1 H!flhqw wd{dwlrq lq d vw|ol}hg prgho ri lqwhuwhpsrudo jhqhudo htxlole0

ulxp1 Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 59=746�7631

Fkldqj/ D1 F1 +4<;7,1 Ixqgdphqwdo Phwkrgv ri Pdwkhpdwlfdo Hfrqrplfv1 PfJudz0Kloo/ Qhz

\run/ wklug hglwlrq1

Gldprqg/ S1 D1 +4<98,1 Qdwlrqdo ghew lq d qhrfodvvlfdo jurzwk prgho1 Dphulfdq Hfrqrplf

Uhylhz/ 88=4459�44831

Hod|gl/ V1 Q1 +4<<9,1 Dq Lqwurgxfwlrq wr Gl�huhqfh Htxdwlrqv1 Vsulqjhu/ Qhz \run1

Jldyd}}l/ I1 dqg Z|sorv}/ F1 +4<;8,1 Wkh }hur urrw sureohp= D qrwh rq wkh g|qdplf gh0

whuplqdwlrq ri wkh vwdwlrqdu| htxloleulxp lq olqhdu prghov1 Uhylhz ri Hfrqrplf Vwxglhv/

85=686�68:1

Jlrydqqlql/ D1 +4<;;,1 Wkh uhdo h{fkdqjh udwh/ wkh fdslwdo vwrfn/ dqg �vfdo srolf|1 Hxurshdq

Hfrqrplf Uhylhz/ 65=4:7:�4:9:1

Khlmgud/ E1 M1 +4<<<,1 Ilvfdo srolf| pxowlsolhuv dqg �qlwh olyhv1 Plphr/ Xqlyhuvlw| ri Jurqlq0

jhq1 Grzqordg iurp= kwws=22zzz1hfr1uxj1qo2phghzhun2khlmgud2grzqordg1kwp1

Khlmgud/ E1 M1 dqg Oljwkduw/ M1 H1 +5333,1 Wkh g|qdplf pdfurhfrqrplf h�hfwv ri wd{ srolf| lq

dq ryhuodsslqj jhqhudwlrqv prgho1 R{irug Hfrqrplf Sdshuv/ 85=BBB�BBB +iruwkfrplqj,1
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Khlmgud/ E1 M1 dqg Phlmgdp/ D1 F1 +4<<:,1 Sxeolf lqyhvwphqw lq vpdoo rshq hfrqrp|1 Glvfxv0

vlrq Sdshu <:;3/ FhqwHU/ Wloexuj Xqlyhuvlw|1

Khlmgud/ E1 M1 dqg Ydq ghu Kruvw/ D1 +5333,1 Wd{lqj hqhuj| wr lpsuryh wkh hqylurqphqw=

H!flhqf| dqg glvwulexwlrqdo h�hfwv1 Gh Hfrqrplvw/ 47;=BBB�BBB +iruwkfrplqj,1

Mxgg/ N1 O1 +4<;5,1 Dq dowhuqdwlyh wr vwhdg|0vwdwh frpsdulvrqv lq shuihfw iruhvljkw prghov1

Hfrqrplfv Ohwwhuv/ 43=88�8<1

Mxgg/ N1 O1 +4<;8,1 Vkruw0uxq dqdo|vlv ri �vfdo srolf| lq d vlpsoh shuihfw iruhvljkw prgho1

Mrxuqdo ri Srolwlfdo Hfrqrp|/ <6=5<;�64<1

Mxgg/ N1 O1 +4<;:d,1 Ghew dqg glvwruwlrqdu| wd{dwlrq lq d vlpsoh shuihfw iruhvljkw prgho1

Mrxuqdo ri Prqhwdu| Hfrqrplfv/ 53=84�:51

Mxgg/ N1 O1 +4<;:e,1 Wkh zhoiduh frvw ri idfwru wd{dwlrq lq d shuihfw0iruhvljkw prgho1 Mrxuqdo

ri Srolwlfdo Hfrqrp|/ <8=9:8�:3<1

Mxgg/ N1 O1 +4<<;,1 Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ Fdpeulgjh/ PD1

Nuh|v}lj/ H1 +4<;;,1 Dgydqfhg Hqjlqhhulqj Pdwkhpdwlfv1 MrkqZloh|/ Qhz \run/ vl{wk hglwlrq1

Odqfdvwhu/ S1 dqg Wlvphqhwvn|/ P1 +4<;8,1 Wkh Wkhru| ri Pdwulfhv1 Dfdghplf Suhvv/ Vdq

Glhjr/ FD/ vhfrqg hglwlrq1

Phlmgdp/ D1 F1 dqg Yhukrhyhq/ P1 M1 +4<<;,1 Frpsdudwlyh g|qdplfv lq shuihfw0iruhvljkw

prghov1 Frpsxwdwlrqdo Hfrqrplfv/ 45=448�4571

Rjdwd/ N1 +4<<8,1 Glvfuhwh0Wlph Frqwuro V|vwhpv1 Suhqwlfh Kdoo/ Xsshu Vdggoh Ulyhu/ QM/

vhfrqg hglwlrq1

Ruwhjd/ M1 P1 +4<;:,1 Pdwul{ Wkhru|= D Vhfrqg Frxuvh1 Sohqxp Suhvv/ Qhz \run1

Vdpxhovrq/ S1 D1 +4<8;,1 Dq h{dfw frqvxpswlrq0ordq prgho ri lqwhuhvw zlwk ru zlwkrxw wkh

vrfldo frqwulydqfh ri prqh|1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ 99=79:�7;51

Vhq/ S1 dqg Wxuqryvn|/ V1 M1 +4<<3,1 Lqyhvwphqw wd{ fuhglw lq dq rshq hfrqrp|1 Mrxuqdo ri

Sxeolf Hfrqrplfv/ 75=5::�5<<1

Vslhjho/ P1 U1 +4<98,1 Odsodfh Wudqvirupv1 PfJudz0Kloo/ Qhz \run1

Vslhjho/ P1 U1 +4<:7,1 Dgydqfhg Fdofxoxv1 PfJudz0Kloo/ Qhz \run1

Wxuqexoo/ K1 Z1 +4<;;,1 Wkh juhdw pdwkhpdwlfldqv1 Lq Qhzpdq/ M1 U1/ hglwru/ Wkh Zruog ri

Pdwkhpdwlfv1 Whpsxv Errnv/ Uhgprqg/ ZD1
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Xkolj/ K1 +4<<<,1 D wrronlw iru dqdo|vlqj qrqolqhdu g|qdplf vwrfkdvwlf prghov hdvlo|1 Lq

Pdulprq/ U1 dqg Vfrww/ D1/ hglwruv/ Frpsxwdwlrqdo Phwkrgv iru wkh Vwxg| ri G|qdplf

Hfrqrplhv/ sdjhv 63�941 R{irug Xqlyhuvlw| Suhvv/ R{irug1

Zklwhpdq/ F1 K1 +4<;6,1 Olqhdu Udwlrqdo H{shfwdwlrqv Prghov= D Xvhu*v Jxlgh1 Xqlyhuvlw|

ri Plqqhvrwd Suhvv/ Plqhdsrolv1
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